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DEFORMATION THEORY OF COHOMOLOGICAL FIELD THEORIES
VLADIMIR DOTSENKO, SERGEY SHADRIN, ARKADY VAINTROB, AND BRUNO VALLETTE
Abstract. We develop the deformation theory of cohomological field theories (CohFTs), which is done
as a special case of a general deformation theory of morphisms of modular operads. This leads us to
introduce two new natural extensions of the notion of a CohFT: homotopical (necessary to structure
chain-level Gromov–Witten invariants) and quantum (with examples found in the works of Buryak–
Rossi on integrable systems). We introduce a new version of Kontsevich’s graph complex, enriched with
tautological classes on the moduli spaces of stable curves. We use it to study a new universal deformation
group which acts naturally on the moduli spaces of quantum homotopy CohFTs, by methods due to
Merkulov–Willwacher. This group is shown to contain both the prounipotent Grothendieck–Teichmüller
group and the Givental group.
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1
Introduction
Moduli spaces of curves and related symmetries. In his celebrated “Esquisse d’un programme”
[Gro97], Grothendieck observed that the absolute Galois group Gal
(
Q/Q
)
acts on the (geometric)
fundamental groupoids of the moduli stacks Mg,n of genus g curves with n marked points and
proposed to study this group via its action on Teichmüller tower, the collection of all these groupoids
for all g and n connected by natural operations induced by gluing and forgetting marked points.
Belyı˘’s theorem [Bel79] already shows that the geometric fundamental group of M0,4 contains a
faithful action of the absolute Galois group. This motivated Drinfeld to introduce in [Dd90] several
flavors of Grothendieck–Teichmüller groups whose profinite version contains the absolute Galois group
and is conjecturally isomorphic to it.
Since the étale (resp. Betti) fundamental group of M0,4 is the profinite (resp. prounipotent) comple-
tion of the free group on two generators, Drinfeld’s Grothendieck–Teichmüller groups can be defined
in purely algebraic terms. They also play a prominent role in deformation theory, quantum groups
and braided monoidal categories. One of the sources of inspiration for the present work was to bring
closer Drinfeld’s algebraic definitions to Grothendieck’s original plan to study an arithmetic object
via geometrical methods related to the moduli stacks of curves and their structural operations.
On the other hand, the Deligne–Mumford–Knudsen stacks Mg,n of stable marked curves compact-
ifying Mg,n are also connected by similar operations of gluing and forgetting marked points. This
collection of spaces forms the basis for the notion of a cohomological field theory (CohFT) which was
introduced by Kontsevich and Manin [KM94, Man99] in order to formalize the algebraic structures
of quantum cohomology and Gromov–Witten invariants. Since then they became the standard tool
in the study of the mirror symmetry and related areas (singularity theory, symplectic geometry, the-
ory of integrable hierarchies, to name just a few). Inspired by the operations on Mg,n Getzler and
Kapranov introduced the general notion of a modular operad in [GK95]; in this language, a CohFT is
an algebra over the modular operad H∗(Mg,n) .
In his work on formal properties of Gromov–Witten invariants, Givental [Giv01] introduced a re-
markable universal group which, as was shown by Teleman in [Tel12], naturally acts on the set of
CohFTs. In a different direction, Pandharipande–Zvonkine in a recent paper [PZP19] described an
explicit method to construct non-trivial examples of CohFTs by deforming topological field theories
using minimal cohomology classes on Mg,n .
One of the overarching goals of the current work was to find and develop a deformation-theoretic
context which would allow us to unite under one umbrella all these different universal symmetries
of objects governed by the natural operations induced by the spaces Mg,n . Accomplishing this is,
what we believe, our main result.
Homotopy CohFT structures. In this paper, we develop the deformation theory of morphisms of
modular operads following the general operadic methods described in [MV09a, MV09b, LV12]. We
start with the definition of a modular operad as an algebra over a certain monad of graphs; this
approach will play a crucial role latter on. Following an idea of Petersen [Pet13], we encode the
category of modular operads with a certain groupoid-colored operad O.
The Koszul duality for operads has recently been extended to groupoid-colored operads by Ward
in [War19], the goal being to obtain a notion of a homotopy modular operad and an associated
homotopy transfer theorem, and to introduce Massey products in graph homology. Notice that we
do not follow the approach of [War19] exactly. Instead we use the notion of the Koszul dual groupoid-
colored cooperad, which allows us to avoid the finiteness assumptions required in loc. cit.. This relates
to the principle that “operads encode algebras and cooperads encode homotopy algebras”. With our
approach, we recover in a more conceptual way various important constructions related to modular
operads including the Feynman transform and its (homotopy) inverse. This also allows us to clarify
various degrees and signs in these constructions.
We apply the modular operads calculus in a different way in order to introduce a notion of cohomolog-
ical field theories up to homotopy, or homotopy CohFTs for short, together with their deformation theory.
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This new notion is a suitable generalisation of the notion of a CohFT with homotopic properties
expected to be satisfied by chain-level Gromov–Witten theories.
While fully constructed examples of homotopy CohFTs, for instance, chain-level Gromov-Witten
theories, are not yet available in the literature (and this will presumably require a lot of hard analytic
work) — only some first steps are done in this direction, see eg [Sei19] — the algebraic toolkit can
be prepared in advance and may suggest natural ways to pack the answer and potentially provide
help for their constructions.
It seems that it is unavoidable to work on the chain level in the Gromov-Witten theory once one has
to think about the choices involved in the open-closed and real ramifications of the theory, as well
as in the B-model categorical constructions of Gromov-Witten-like classes. But even without these
natural sources, it would be just unnatural to ignore the homotopy structures behind CohFTs — as
an analogy (which is in fact the simplest pieces of the structure that we study, in some cases) think
of the relationships between the product structure on cohomology and the higher Massey products.
Quantum homotopy CohFTs and the Buryak–Rossi functor. Using classical methods, we study
infinitesimal deformations, formal deformations and obstructions to deformations for homotopy Co-
hFTs. As an example of application our formalism, we offer a conceptual explanation and extend
the recent construction due to Pandharipande–Zvonkine [PZP19] of CohFTs from topological field
theories deformed in the direction of minimal cohomology classes on Mg,n. Interestingly enough,
these deformations, a priori constructed only as infinitesimal ones, happen to be full ones.
An intrinsic feature of our approach, where the homotopy CohFTs are encoded via solutions of the
Maurer–Cartan equation in some differential graded Lie algebra, is that there is a parallel notion that
occurs naturally and is technically necessary for various steps in our construction — the quantum
homotopy CohFTs. To this end, the underlying Maurer–Cartan equation over the ground field k is
replaced by its ~-deformation over k[[~]], which is ofter called the quantum master equation in the
physics literature. Surprisingly, examples of these quantum CohFT structures do occur naturally in
the theory of integrable hierarchies associated to CohFTs, namely they are the core ingredients of
the Buryak–Rossi program of quantization of such integrable systems [BR16].
To this end, we observe an interesting phenomenon: the routine quantization procedure of Buryak–
Rossi that basically involves multiplication of a CohFT by the properly parametrized Hodge class
gives rise to a natural functor, that we call the Buryak–Rossi functor, between the Deligne groupoids
of classical and quantum homotopy CohFT structures.
Universal deformation group. The deformation complex of homotopy CoFTs can be considered
within a more general framework of morphisms of modular operads. Then it carries two fundamental
algebraic structures: the minimal one, needed only for writing the Maurer–Cartan equation, and the
maximal one, encoding all natural operations on it. This gives rise to two operads, one embedded
into the other.
One of our main points is to study the deformation complex of this embedding of operads. This
chain complex, in the quantum case, turns out to be isomorphic to the k[[~]]-extension [MW14] of
Kontsevich’s graph complex [Kon97]. The even homology of this deformation complex carries a
structure of a pronilpotent group which we call the universal deformation group of a morphism of quan-
tum modular operads. We show that this group contains the prounipotent Grothendieck–Teichmüller
group and that it acts functorially by universal and explicit formulas on the moduli space of gauge
equivalence classes of quantum Maurer–Cartan elements. Our approach is essentially the same that
was used by Merkulov and Willwacher in [MW14], but we treat it in detail using the tools of the
pre-Lie deformation theory developed in [DSV16] and the above conceptual interpretation.
In the classical case, however, we face the following problem: the corresponding deformation complex
is almost acyclic (it emerged independently from our constructions in [KWZ17] who were specifically
looking for an extension of the differential in the Kontsevich graph complex that would make the
latter acyclic).
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Givental–Grothendieck–Teichmüller group. The maximal algebraic structure, encoding all nat-
ural operations that use only the structure of morphisms of modular operads on the deformation
complexes of classical and quantum homotopy CohFTs can be extended further once we use the
specifics of the Deligne–Mumford–Knudsen modular operad. Namely, we use that it is a Hopf mod-
ular operad and that is contains a distinguished and easy to describe suboperad of tautological
classes [Fab13]. So, we extend the algebraic structure that exists of the deformation compelexes of
classical and quantum homotopy CohFTs with the action of tautological classes combined with the
non-stable parts of the endomorphism modular operad of the target vector space (or, more generally,
one can thing of non-stable components of the target modular operad).
This gives rise to an embedding of the minimal operad needed to control the Maurer–Cartan equa-
tions into a much bigger operad. The corresponding deformation complex of this embedding is a
huge extension of the Kontsevich and Merkulov–Willwacher graph complexes. It appears to have
non-trivial homology both in classical and quantum case, and on this way we obtain the following
results:
• In the classical case, we are able to compute the full homology and it matches with all
the ingredients of the Givental group / Lie algebra action on CohFTs constructed by Tele-
man [Tel12]. So, quite surprisingly, we recover from this construction the full Givental group
now acting in a natural way on homotopy CohFTs.
• In the quantum case, the full computation is out of reach of the current techniques. We obtain
a huge group and to indicate how interesting and non-trivial it is we show that it contains as
subgroups both the prounipotent Grothendieck–Teichmüller group and the Givental group
acting in a natural way on quantum homotopy CohFTs.
We call the latter group the Givental–Grothendieck–Teichmüller group, and both a full description of its
structure and the consequences of its action on quantum homotopy CohFTs (for instance, for the
Buryak–Rossi theory of quantization of integrable hierarchies of topological type) are very interesting
open questions for future research.
Layout. The first section recalls the notion of a modular operad together their homological construc-
tions. In the second section, we develop the deformation theory of morphisms of modular operads
and study the particular case of the deformation theory of (homotopy) CohFTs. The third section
deals with the universal deformation group of morphisms of modular operads, its relationship with
the prounipotent Grothendieck–Teichmüller group, and its action of the moduli space of gauge equiv-
alent classes of Maurer–Cartan elements. The last section introduces a new graph operad enriched
with tautological classes whose deformation complex is shown to act on quantum homotopy CohFTs
and to contain the prounipotent Grothendieck–Teichmüller group and the Givental group.
Conventions. We denote by k the fixed ground field of characteristic 0. We mainly work over
the underlying category of differential Z-graded vector spaces, with the usual monoidal structure
including the Koszul sign rules and conventions. We use the homological degree convention, for
which differentials have degree −1. Cochain complexes, that are usually cohomologically graded,
are considered with opposite homological degree. We denote by s an element of degree 1 and
tensoring with it produces the shift functor. At three points of the paper (Section 2.2, Section 3.2,
and Section 4), we switch from the Z-grading to the induced Z/2Z-grading.
Acknowledgements. We express our appreciation to Mohammed Abouzaid, Alexandr Buryak,
Gabriel Drummond-Cole, Johan Leray, Sergei Merkulov, Dan Petersen, John Terilla, Ben Ward, and
Dimitri Zvonkine for useful discussions and references. Special thanks are due to Thomas Willwacher
for numerous insightful remarks on a preliminary version of the paper.
1. Modular operads
In this section, we recall the necessary material on modular operads. We choose to model them with
a groupoid-coloured operad O as in [Pet13, War19] mainly because it has a quadratic presentation
which is Koszul. This allows to apply all the results of the general operad calculus [LV12] mutatis
mutandis. There exists other fundamental theories which model types of operads and in particular
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modular operads, like Feynman categories [KW17] or operadic categories [BM18] for instance. The
former has been shown to be equivalent to the theory of colored operads in [Cav15, BKW18] and
the latter has not yet been extended to the same extent as colored operads. Another reason why we
present here the calculus of modular operads in this way is to have as few prerequisites as possible
(for instance there is no need to master the aforementioned new theories). This should help non-
experts to follow the rest of the text. We do not claim much novelty here except in the presentation
and in the interpretation of the Feynman transforms (direct and homotopy inverse) of [GK95] as
the bar and cobar constructions associated to the universal Koszul morphism κ : O¡ → O . We
conclude this section with the new notion of a homotopy cohomological field theory, which is modelled
by a cofibrant replacement of the modular operad H•
(
Mg,n
)
; so the general theory ensures that this
higher generalisation carries the required homotopical properties.
1.1. Recollections. We recall the notion of a modular operad from [GK98]. Let (C, ⊗) be a sym-
metric monoidal category, with colimits commuting with the monoidal product. We consider the
groupoid Sg defined by
Objects: the set N2 ≔
{
(g, n) ∈ N2 | 2g + n > 2
}
= N2\ {(0, 0), (0, 1), (0, 2), (1, 0)} ,
Morphisms: HomSg((g, n), (g, n)) ≔ Sn, for any pair (g, n), and empty otherwise.
Definition 1.1 (Stable S-module). A stable S-module is a module over the groupoid Sg, that is a
collection
{
Pg(n)
}
g,n∈N2
of elements of C such that each Pg(n) admits an action of the symmetric
group Sn. The associated category is denoted by S
g-Mod.
We can consider the analogous category Bijg whose objects are pairs (g, X), where X is a finite set
satisfying 2g+ |X | > 2, and whose morphisms are given by bijections Bij(X) . In this way, the groupoid
Sg is the skeletal category of Bijg. Thus the data of a stable S-module is equivalent to the data of a
Bijg-module under the formula
Pg(X) ≔
( ∏
f ∈Bij(n, X)
Pg(n)
)/
∼ ,
where |X | = n, where n ≔ {1, . . . , n}, and where ( f , µ) ∼
(
g, g−1 f · µ
)
. From now on, we will identify
both notions, coordinate-free and skeletal, and use the more appropriate description each time.
We will consider graphs with possibly multiple leaves, internal edges and tadpoles. We refer the
reader to [GK98, Sections 2.5-2.16] for complete definitions and more details. For instance, the
genus of a connected graph is defined to be the first Betti number of any of its geometric realisations.
Definition 1.2 (Stable graphs). A labelled graph is a connected graph γ of genus h with n leaves
and k vertices, each of them labelled by an integer, called the internal genus. We denote the internal
genus of a vertex ν by g(ν) and its arity by n(ν). The total genus g of a labelled graph is the sum of
the topological genus h with all the integers labelling the vertices. A stable graph is a labelled graph
such that every vertex ν satisfies the stability condition 2g(ν) + n(ν) > 2. The set of isomorphism
classes of stable graphs of total genus g with n legs and k vertices is denoted by Γg(k, n) .
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For any d ∈ Z, we consider the endofunctor
Gd : S
g-Mod → Sg-Mod
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defined by
Gd(P)g(n) ≔
∐
γ∈Γg (k,n)
γ(P) ,
where γ(P) :=
⊗
v∈vert(γ) Pg(ν)(n(v)) and where the edges of γ have degree d. The operation of
forgetting the nesting of graphs in Gd (Gd(P)), produces elements of Gd(P) and thus induces a
monad structure on Gd. We call this monad the monad of graphs.
Definition 1.3 (Modular operad). A modular operad is an algebra over the monad G0 of graphs.
The monad of graphs admits a homogenous quadratic presentation and thus the notion of a modular
operad can equivalently be defined as a stable S-module P endowed with the following structure
maps.
Definition 1.4 (Partial compositions and contraction maps). Partial composition maps on a stable
S-module P are equivariant maps of the form
◦
j
i
: Pg(n) ⊗ Pg′(n
′) → Pg+g′(n + n
′ − 2) , for 1 6 i 6 n and 1 6 j 6 n′ .
1
2
n
n′
2
1
g
′
g i
j
Contraction maps are equivariant maps of the form
ξij : Pg(n) → Pg+1(n − 2), for 1 6 i , j 6 n .
n
1
g
i
j
The respective equivariance properties are explicitly given as follows. For any i ∈ n and j ∈ n′, we
consider the bijection Φi, j : n\{i} ⊔ n
′\{ j} → n + n′ − 2 corresponding to the total order given by
{1, . . . , i−1}, { j +1, . . . , n′}, {1, . . . , j−1}, {i+1, . . . , n} . For any permutation σ ∈ Sn, we denote by σi
the induced bijection σi : n\{i} → n\{σ(i)} . The equivariance property for the partial composition
maps amounts to
µσ ◦
τ(j)
σ(i)
ντ =
(
µ ◦
j
i
ν
)ω
,
where the permutation ω ∈ Sn+n′−2 is equal to ω = Φσ(i),τ(j) ◦ (σi ⊔ τj ) ◦ Φ
−1
i, j .
For any i, j ∈ n, we denote by Ψi, j : n\{i, j} → n − 2 the order preserving bijection. For any
permutation σ ∈ Sn, we denote by σij the induced bijection σij : n\{i, j} → n\{σ(i), σ( j)} . The
equivariance property for the contraction maps amounts to
ξσ(i)σ(j)
(
µσ
)
=
(
ξij (µ)
)χ
,
where the permutation χ ∈ Sn−2 is equal to χ = Ψσ(i),σ(j) ◦ σij ◦ Ψ
−1
i, j .
Proposition 1.5 ([GK98, Theorem 3.7]). A modular operad structure on a stable S-module P is equivalent
to the data of partial composition maps and contraction maps satisfying the following three types of relations,
for every µ ∈ Pg(X), ν ∈ Pg′(Y), and ω ∈ Pg′′(Z):
(1)
(
µ ◦
j
i
ν
)
◦lk ω =
{
µ ◦
j
i
(
ν ◦l
k
ω
)
, when k ∈ Y ,(
µ ◦l
k
ω
)
◦
j
i
ν , when k ∈ X ,
for any i ∈ X, j ∈ Y, and l ∈ Z ,
(2) ξijξkl µ = ξklξij µ , for any distinct i, j, k, l ∈ X ,
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(3) ξij
(
µ ◦lk ν
)
=

ξij (µ) ◦
l
k
ν , when i, j ∈ X ,
µ ◦l
k
ξij (ν) , when i, j ∈ Y ,
ξkl
(
µ ◦
j
i
ν
)
, when i ∈ X and j ∈ Y ,
ξkl
(
ν ◦
j
i
µ
)
, when i ∈ Y and j ∈ X ,
for any k ∈ X and l ∈ Y .
Remark 1.6. In the category of (differential) graded vector spaces, the relation (1) receives the non-
trivial sign
(
µ ◦
j
i
ν
)
◦l
k
ω = (−1) |ν | |ω |
(
µ ◦l
k
ω
)
◦
j
i
ν and the relation (3) receives the non-trivial sign
ξij
(
µ ◦l
k
ν
)
= (−1) |µ | |ν |ξkl
(
ν ◦
j
i
µ
)
.
Example 1.7.
(1) The Deligne–Mumford–Knudsen moduli spaces M ≔ {Mg,n}g,n∈N2 of stable curves with
marked points form a modular topological operad where the structure maps are given by
gluing curves at marked points, see [GK98, Section 6].
(2) The homology groups H•
(
M
)
of the Deligne–Mumford–Knudsen moduli spaces form a mod-
ular operad in the category of graded vector spaces.
(3) In a similar fashion, we can construct modular operads M
f
and H•
(
M
f )
, where M
f
(g,n) is
the Kimura–Stasheff–Voronov real compactification [KSV95] of the moduli space of genus g
curves with n framed marked points (a point with a choice of a unit tangent vector).
(4) We consider the one-dimensional stable S-module Frobg(n) ≔ kχg,n with trivial Sn action,
where |χg,n | = 0. It forms a modular operad once equipped by the following partial compo-
sition maps and contraction maps
χg,n ◦
j
i
χg′,n′ ≔ χg+g′,n+n′−2 ,
ξij
(
χg,n
)
≔ χg+1,n−2 .
(5) Let (A, dA, 〈 , 〉) be a differential graded vector space equipped with a symmetric bilinear
form of degree 0. Its endomorphism modular operad EndA is defined on the underlying stable
S-module
EndA(g, n) ≔ A
⊗n
by the partial composition map
◦
j
i
(a1⊗ · · ·⊗am, b1⊗ · · ·⊗bn) ≔ ± 〈ai, bj〉 a1⊗ · · ·⊗ai−1⊗bj+1⊗ · · ·⊗bn⊗b1⊗ · · ·⊗bj−1⊗ai+1⊗ · · ·⊗am
and by the contraction maps
ξij (a1 ⊗ · · · ⊗ an) ≔ ± 〈ai, aj〉 a1 ⊗ · · · ⊗ ai−1 ⊗ ai+1 ⊗ · · · ⊗ aj−1 ⊗ aj+1 ⊗ · · · ⊗ an ,
where the signs come automatically from the permutation of terms: one first permutes the
terms, then apply the pairing.
Remark 1.8. The notion of a modular operad carries no unit with respect to the partial composition
maps since such an element would live in P0(2), which is a component not considered here.
A morphism of modular operads is a map of stable S-modules which commutes with the respective
partial composition and contraction maps.
Definition 1.9 (Algebra over a modular operad). An algebra structure over a modular operad P on a
differential graded vector space equipped with a symmetric bilinear form (A, dA, 〈 , 〉) is given by the
data of morphism of modular operads P→ EndA.
Example 1.10. The category of algebras over the modular operad Frob is the category of Frobenius
algebras, notion which coincides with that of topological field theories.
Definition 1.11 (Cohomological field theory). A Cohomological field theory (CohFT) without unit is
a differential Z-graded vector spaces (A, dA, 〈 , 〉) with a symmetric bilinear form of even degree
equipped with a Z/2Z-graded algebra structure over the homology H•
(
M
)
of the Deligne–Mumford–
Knudsen moduli spaces of curves.
In other words, we consider the Z/2Z-grading on both modular operads H•
(
M
)
and EndA and a
morphism of even degree between them.
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1.2. Bar and cobar constructions. One conceptual way to produce a homotopy meaningful notion
of bar-cobar adjunction from a category of algebraic structures is to: encode it with a coloured operad
O, coin a quadratic presentation of O, compute its Koszul dual coloured cooperad O¡ and then apply
the operadic calculus of the Koszul duality theory, as explained for instance in [LV12, Chapter 11].
O O¡
Ω : O-alg O¡-coalg : B
alg
κ
coalg
⊥
The example of the category of operads is treated in detail in [DV15].
In order to treat in this way the category of modular operads, one needs to consider operads coloured
by groupoids, notion introduced by Petersen in [Pet13]: this step is necessary in order to encode the
equivariance property of the partial composition maps and the contraction maps, made explicit
below in Definition 1.4. The Koszul duality for groupoid coloured operads was developed by Ben
Ward in [War19]. Here, we do it differently using the approach in terms of operads-cooperads, which,
in addition to being more conceptual, allows us to avoid requiring finite dimensionality.
Definition 1.12 (The groupoid coloured operad G ). We define the Sg-coloured operad G = T(E)/(R)
by the following presentation. The generators are given by
E
(
(g + 1, n − 2); (g, n)
)
:=
Sn−2 × ξij
(g, n)
(g + 1, n − 2)
, i , j ∈ {1, . . . , n}
 ,
with regular left action of Sn−2 and right action given, under the notations below Definition 1.4, by(
id, ξσ(i)σ(j)
)σ
=
(
χ, ξij
)
,
and
E
(
(g + g′, n + n′ − 2); (g, n), (g′, n′)
)
:=
Sn+n′−2 × ◦ji
1
(g, n)
2
(g′, n′)
(g + g′, n + n′ − 2)
, 1 6 i 6 n, 1 6 j 6 n′;
Sn+n′−2 × ◦
j
i
2
(g, n)
1
(g′, n′)
(g + g′, n + n′ − 2)
, 1 6 i 6 n′, 1 6 j 6 n
 ,
with regular S2-action, that is the action of the transposition (12) sends
◦
j
i
1
(g, n)
2
(g′, n′)
(g + g′, n + n′ − 2)
to
◦
j
i
2
(g′, n′)
1
(g, n)
(g + g′, n + n′ − 2)
,
and with regular left Sn+n′−2 action and right action given, in the notation of Definition 1.4 below,
by (
id, ◦
σ(j)
σ(i)
) (σ,τ)
=
(
ω, ◦
j
i
)
.
The quadratic relations relations R are the ones given in (1), (2) and (3).
Proposition 1.5 states that the category of G -algebras is the category of modular operads. This implies
for instance that the free modular operad G0(M) on a stable S-module M is equivalently given by
G (M) .
Lemma 1.13 ([War19, Corollary 3.9], see also [BM18, Theorem 12.10]). The Koszul dual coloured
operad G ! admits for generators
s−1E
(
(g + 1, n − 2); (g, n)
)∗ and E ((g + g′, n + n′ − 2); (g, n), (g′, n′))∗ ⊗ sgnS2
satisfying strictly the relations (1) and the three first relations of (3) and satisfying up to an extra minus sign
the relations (2) and the forth relation (3).
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Proof. The Koszul dual operad is defined by G ! ≔ (G ¡)∗ ⊗ Endks−1 , see [LV12, Section 7.2.3], and it
admits for presentation G !  T(s−1 Endks−1 ⊗E
∗)/(R⊥) by [LV12, Proposition 7.2.1]. The rest of the
proof relies on straightforward computations. 
By definition of the Koszul dual coloured operad, a (G ¡)∗-algebra structure on a stable S-module P
is equivalent to a G !-algebra structure on the desuspension s−1P.
Definition 1.14 (Shifted modular operad). A shifted modular operad is a (G ¡)∗-algebra, that is a stable
S-module P endowed with degree −1 partial composition maps ◦
j
i
and degree −1 contraction maps
ξij satisfying strictly the relations (1) and the third relation of (3) and satisfying up to an extra minus
sign the relations (2) and the three other relations of (3).
Definition 1.15 (Shifted modular cooperad). A shifted modular cooperad is a coalgebra over the
Koszul dual cooperad G ¡, that is a stable S-module C endowed with degree −1 partial decomposition
maps
δ
j
i
: Cg(X) →
⊕
g′+g′′=g
X′⊔X′′=X
Cg′(X
′ ∪ {i}) ⊗ Cg′′(X
′′ ∪ { j}) , for X ′ ∩ X ′′ = ∅
and degree −1 expansion maps
χij : Cg+1
(
X\{i, j}
)
→ Cg(X), for i , j ∈ X
satisfying, for any distinct elements i, j, k, l:
(1’)
(
δ
j
i
⊗ id
)
δlk =
{
−
(
id ⊗δl
k
)
δ
j
i
, when j, k lie in the same set ,
−
(
23)
(
δl
k
⊗ id
)
δ
j
i
, when i, k lie in the same set ,
(2’) χkl χij = −χij χkl ,
(3’) δlk χij =

− (χij ⊗ id)δ
l
k
, when i, j, k lie in the same set ,
− (id⊗χij )δ
l
k
, when i, j, l lie in the same set ,
δ
j
i
χkl , when i, k and j, l lie respectively in the same set ,
− (12)δ
j
i
χkl , when i, l and j, k lie respectively in the same set .
The category of shifted modular cooperads is the category of coalgebras over a comonad of graphs
Gc1 : S
g-Mod → Sg-Mod, dual to the monad of graph G1. This implies for instance that the cofree
shifted modular cooperad on a stable S-module M is given equivalently by G ¡(M)  Gc1(M).
The canonical Koszul morphism κ : G ¡ → G give rise to the following adjunction
B : modular operads /⊥ shifted modular cooperads : Ω
o
.
Definition 1.16 (Bar construction). The bar construction of a modular operad
(
P, dP, ◦
j
i
, ξij
)
is the
quasi-cofree shifted modular cooperad
BP≔
(
G
¡(P), d1 + d2
)
,
where d1 is the unique coderivation which extends the internal differential dP and where d2 is the
unique coderivation which extends the partial composition maps ◦
j
i
and the contraction maps ξij .
Explicitly, the bar construction is made up of stable graphs with edges of degree 1 and with vertices
indexed accordingly by elements of P. The differential d1 amounts to applying the internal differen-
tial dP to every vertex one by one and the differential d2 amounts to contracting the internal edges
one by one and applying the partial composition maps or the contraction maps.
Definition 1.17 (Cobar construction). The cobar construction of a shifted modular cooperad
(
C, dC,
δ
j
i
, χij
)
is the quasi-free modular operad
ΩC≔
(
G (C), d1 + d2
)
,
where d1 is the unique derivation which extends the internal differential dC and where d2 is the
unique derivation which extends the partial decomposition maps δ
j
i
and the expansion maps χij .
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Explicitly, the cobar construction is made up of stable graphs with edges of degree 0 and with
vertices indexed accordingly by elements of C. The differential d1 amounts to applying the internal
differential dC to every vertex one by one and the differential d2 amounts to decomposing every
vertex into two apply one by one partial decomposition maps and to creating one new loop by
applying to every vertex one by one the expansion maps.
Remark 1.18. In the original paper [GK98] on modular operads, these homological constructions
were not introduced in this way. Since the authors stuck with the modular operads world, that is
did not consider any version of modular cooperads; they just introduced a notion of twisted modular
operad. The notion of twisted modular operad associated to the dualizing cocycle given by the deter-
minant on edges coincides with the present notion of shifted modular operad. Then, they introduced
a fundamental functor from finite dimensional modular operads to shifted modular operads called
the Feynman transform FP. This latter one is nothing but the linear dual of the present bar construc-
tion: FP  (BP)∗. What is called in [GK98, Section 5.3] the homotopy inverse Feynman transform is
nothing but the cobar construction Ω(P∗) of the linear dual of a shifted modular operad. Notice
that the present approach allows us to drop the assumption of finite dimensionality and to work in
full generality.
Theorem 1.19 ([GK98, Theorem 5.4], see also [War19, Theorem 3.10]). The coloured operad G is
Koszul.
Proof. Under the above identification between the (homotopy inverse) Feynman transform and the
(co)bar construction, this statement is equivalent to [GK98, Theorem 5.4], generalised in [KW17,
Theorem 7.4.3], using the characterisation given in [LV12, Theorem 11.3.3]. Another more direct
proof is given at [War19, Theorem 3.10]. 
Corollary 1.20. The counit of the bar-cobar adjunction provides us with a functorial cofibrant replacement
for modular operads:
ΩBP
∼
−→ P .
Proof. The statement that the counit of the bar-cobar adjunction is always a quasi-isomorphism is
Theorem 1.19. The cofibrant property can be read in the model category structure on modular
operads introduced by Berger–Moerdjik [BM07], see also [BB17] and [KW17, Chapter 8]. 
Definition 1.21 (Homotopy cohomological field theory). A homotopy cohomological field theory (CohFT∞)
is differential Z-graded vector spaces (A, dA, 〈 , 〉) with a symmetric bilinear form of even degree
equipped with a Z/2Z-graded algebra structure over the bar-cobar resolution ΩBH•
(
M
)
of the ho-
mology of the Deligne–Mumford–Knudsen moduli spaces.
Remark 1.22. A cyclic operad is a modular operad concentrated in genus 0 and a Koszul duality
theory has been proposed on this level in [GK95]. Its main idea amounts to using a quadratic
presentation of a cyclic operad in order to simply the functorial bar-cobar resolution. For instance, the
cyclic operad HyperCom ≔ H•
(
M0,n
)
is Koszul. It admits a Koszul dual shifted cyclic cooperad i.e.
a shifted modular cooperad concentrated in genus 0, which is up to operadic suspension isomorphic
to HyperCom¡  H•
(
M0,n
)
. Thus, the minimal way to define the notion of a homotopy tree level
cohomological field theory in the terminology of [Man99], that is a “homotopy cohomological field
theory concentrated in genus 0”, is via the cyclic cobar construction ΩHyperCom¡. The canonical
embedding HyperCom¡ ֒→ BH•
(
M0,n
)
induces a morphism of modular operads ΩHyperCom¡ →
ΩBH•
(
M0,n
)
and thus produces a canonical and functorial homotopy tree level cohomological field
theory on any homotopy cohomological field theory.
In higher genera, there exists so far no Koszul duality theory for modular operads, so we do not
know how to reduce the bar-cobar resolution ΩBH•
(
M
)
used here to define the notion of a homotopy
cohomological field theories. The arguments of [AP17, Section 1] and especially Proposition 1.11
show that the shifted modular cooperad structure on H• (M) given by the residue maps cannot
be the “Koszul dual” of H•
(
M
)
: the cobar construction of H• (M) is not a resolution of H•
(
M
)
.
Since the Koszul dual operad is not readily available (and is not known to be Koszul), one can use
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instead the general operadic method, see for instance [DV13]. It amounts to first computing the
homology groups of BH•
(
M
)
: they are actually given by H• (M), see [GK95, Proposition 6.11]. In
the second step, one endows this homology with a homotopy shifted modular cooperad structure
via the homotopy transfer theorem; this would produce the minimal model for the modular operad
H•
(
M
)
. The only drawback with this latter point does not lie in the formula for the homotopy
transfer theorem, which is produced (dually) in [War19, Section 3.6], but in the choice of an explicit
contraction to use.
2. Deformation theory
Following the general method used for instance in [LV12, Section 12.2] and in [MV09a, MV09b], we
introduce the suitable deformation complex for morphisms of modular operads. We use it to control
the deformation theory of cohomological field theories. This allows us to recover conceptually and
to extend recent constructions of CohFTs due to Pandharipande–Zvonkine [PZP19]. By considering
the quantum master equation instead of the master equation, we introduce a new notion of quantum
homotopy CohFT. The programme of quatisation of Dubrovin–Zhang integrable hierarchies proposed
by Buryak–Rossi [BR16] actually provides us with examples of such a structure.
2.1. Deformation complex of morphisms of modular operads. The following algebraic notion
is prompted by our main example. Notice that we use the homological degree convention that might
seem at bit unusual at first sight.
Definition 2.1 (Shifted ∆-Lie algebra). A differential graded shifted ∆-Lie algebra is a quadruple
(g, d,∆, { , }) made up of a differential graded vector spaces (g, d), a degree −1 linear operator
∆ : g → g, and a degree −1 symmetric product { , } : g⊙2 → g satisfying the following relations:
∆2 = 0 , { , } shifted Jacobi relation , d∆ + ∆d = 0 , d and ∆ derivations w.r.t. { , } .
On elements, the shifted Jacobi relation is
{{x, y}, z} + (−1)( |x |+1)( |y |+ |z |){{y, z}, x} + (−1)( |z |+1)( |x |+ |y |){{z, x}, y} = 0 .
Remark 2.2. When considering the total derivation d + ∆, one gets a shifted differential graded Lie
algebra, that is a differential graded Lie algebra structure on the desuspension s−1g of g .
Definition 2.3 (Master equation). The master equation is the equation
(4) dα + ∆α + 1
2
{α, α} = 0
in a shifted ∆-Lie algebra. We only consider solutions of degree |α| = 0; their set is denoted by
MC(g).
Remark 2.4. The master equation in a shifted ∆-Lie algebra is equivalent to the Maurer–Cartan
equation dα + 1
2
{α, α} = 0 in the associated shifted Lie algebra, under d ≔ d + ∆ .
Let us now introduce our main example.
Definition 2.5 (Totalisation). The totalisation of a stable S-module P is the graded vector space
defined by
P̂≔
∏
(g,n)∈N2
Pg(n)
Sn .
Remark 2.6. Since we are working here in characteristic 0, we could have equivalently considered
coinvariants instead of invariants in the definition of the totalisation.
Lemma 2.7. The following assignment defines a functor from shifted modular operads to complete shifted
∆-Lie algebras
shifted modular operads → complete shifted ∆-Lie algebras(
P, dP, ◦
j
i
, ξij
)
7→
(
P̂, d,∆, { , },F
)
,
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where the differential d is induced by the differential dP, the operator ∆ is induced by the contraction maps
∆(µ) ≔
∑
i, j
ξij (µ) ,
the shifted Lie bracket is induced by partial composition maps
{µ, ν} ≔
∑
i, j
◦
j
i
(µ ⊗ ν)
and the decreasing filtration
P̂ = F0 = F1 ⊃ F2 ⊃ · · ·FN ⊃ FN+1 ⊃ · · · ,
where FN is made up of series such that the terms corresponding to n + 2g − 2 < N vanish.
Proof. Since the partial composition maps ◦j
i
and the contraction maps ξij have degree −1, so are the
degree of the operator ∆ and the bracket { , } . The signed relation (2) forces the operator ∆ to square
to zero. The shifted Jacobi relation is obtained from (1). The composition ∆({ , }) can be rewritten
according to the signed relation (3). The first two cases give respectively −{∆, } and −{ ,∆}. Due
to the difference of signs in the last two cases, they cancel and we finally get the shifted derivation
relation between ∆ and { , }. Any morphism of shifted modular operads induces a morphism of
shifted ∆-Lie algebras.
By definition, this filtration defines a complete topology; we refer the reader to [DSV18, Chapter 1]
for the respective definitions. The stability condition of the underlying stable S-module of a shifted
modular operad ensures that P̂ = F0 = F1 . The various operations preserve this filtration: d,∆ :
FN → FN and { , } : FN ⊙ FM → FN+M . 
By a slight abuse of terminology and notation, we still call the above shifted ∆-Lie algebra the totali-
sation of the shifted modular operad P and we denote it by P̂.
Example 2.8. Let V be graded vector space with finite dimensional degree-wise components. We
consider the odd affine symplectic manifold structure on A ≔ V ⊕ sV∗ equipped with the degree −1
pairing defined by 〈s f , x〉 ≔ f (x) . The associated endomorphism modular operad EndA is shifted
and its totalisation is the shifted ∆-Lie algebraEndA  ∏
(g,n)∈N2
A⊙n ⊂ k[[V ⊕ sV∗]][[t]] ,
which is a sub-algebra of the quantised version of the Weyl algebra. Notice that in the cohomological
world like in [Kon97, Wil15], one rather considers the odd affine symplectic manifold structure on
V ⊕ s−1V∗ equipped with the degree +1 pairing. In this case, one gets an “unshifted” modular operad
of endormorphisms, where the composition and contractions maps have degree +1. Its totalisation
is an “unshifted” ∆-Lie algebra which is actually a Batalin–Vilkovisky sub-algebra of the quantised
algebra of polyvector fields on V .
Lemma 2.9. The assignment
(shifted modular cooperads)op × modular operads → shifted modular operads( (
C, dC, δ
j
i
, χij
)
,
(
P, dP, ◦
j
i
, ξij
) )
7→ Hom (C,P) ≔
({
Hom
(
Cg(n),Pg(n)
)}
g,n
, ∂,©
j
i
,Ξij
)
defines a functor, where the symmetric groups act by conjugaison, where the differential is given by
∂( f ) ≔ dP ◦ f − (−1)
| f | f ◦ dC ,
the partial compositions maps are given by
©
j
i
( f ⊗ g) ≔ (−1) | f |+ |g | ◦
j
i
◦( f ⊗ g) ◦ δ
j
i
,
and the contraction maps are given by
Ξij ( f ) ≔ (−1)
| f | ξij ◦ f ◦ χij .
Proof. This follows in a straightforward way from the defining relations. 
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Definition 2.10 (Convolution shifted modular operad). The image Hom(C,P) of the above functor
is called the convolution shifted modular operad.
Definition 2.11 (Convolution algebra). The composite of the above two functors produces functo-
rially the convolution shifted ∆-Lie algebraHom(C,P) ≔ (HomSg (C,P) , d,∆, { , }) ,
where HomSg (C,P) := ∏
g,n∈N2
HomSn
(
Cg(n),Pg(n)
)
.
Notice that its operations are all arity-preserving. The differential and the bracket are genus-preserving
and the operator ∆ increases the genus by 1.
Remark 2.12. The arity and genus wise linear dual Frob∗ of the Frobenius modular operad produces
a modular cooperad which satisfies the following universal property: any shifted modular operad P
is canonically isomorphic to the shifted convolution modular operad P  Hom (Frob∗,P) and its
totalisation is canonically isomorphic to the convolution algebra P̂  HomSg (Frob∗,P) . So there
is no restriction to consider only convolution operads and algebras.
Definition 2.13 (Twisting morphism). Solutions of degree 0 to the master equation (4) in the con-
volution algebra Hom(C,P) are called twisting morphisms from C to P; their set is denoted by
Tw(C,P).
Proposition 2.14 ([Bar07, Theorem 1]). The set of morphisms of modular operads ΩC→ P is in natural
bijection with the set of twisting morphisms in Hom(C,P):
Hommodop(ΩC,P)  Tw(C,P) .
Proof. The proof on the level of operads given in [LV12, Proposition 11.3.1] works mutatis mutandis
for groupoid colored operads. This result falls into the general pattern of [KW17, Theorem 7.5.3]. 
2.2. Deformation theory of cohomological field theories. We are interested in the case of the
deformation theory of (homotopy) cohomological field theories, that we now treat in detail.
Convention. From now on and until the end of Section 2.3, we will work with theZ/2Z grading convention
in order to match with the common convention on CohFTs.
Proposition 2.15. Let (A, dA, 〈 , 〉) be a differentialZ-graded vector spaces with a symmetric bilinear form of
even degree. The Z/2Z-graded convolution algebra associated to P = EndA and C= BH•
(
M
)
is isomorphic
to
g 
(
Ĝodd
(
H−•
(
M
) )
(A),d,∆, { , }
)
,
where Ĝodd
(
H−•
(
M
) )
(A) is the product over the isomorphism classes of stable graphs, with internal edges of
odd degree, vertices labelled by cohomology classes of M, and leaves labelled by elements of A:
a3a1 a7
a2
a5
a4
a6
µ2
µ1
µ3
The differential d = dA − d1 − d2 is the difference between the extension dA of the differential of A and
the sum of the differential d1 producing internal loops under the expansion maps of the modular cooperad
H−•
(
M
)
applied at each vertex and the differential d2 splitting vertices into two along a new edge under the
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partial decomposition maps of H−•
(
M
)
. The operator ∆ amounts to considering any pair of elements ai, aj ∈ A
labelling pairs of leaves of a graph, compute their pairing 〈ai, aj〉 ∈ k and create a tadpole at their place.
a3a1 a7
a2
a5
a4
a6
µ2
µ1
µ3
7→ 〈a4, a6〉
a3a1 a7
a2
a5
µ2
µ1
µ3
The bracket {γ, ζ} of two such graphs γ and ζ is equal to the sum over the pairs of elements of A, one ai from
γ and one aj from ζ , of the pairing 〈ai, aj〉 and the graph created by the grafting the two associated edges
together.
Proof. This follows directly form the description of the bar construction given below Definition 1.16.
So the edges should receive degree −1, that is an odd degree in the Z/2Z-grading. The minus signs
in the differential d = dA − d1 − d2 comes from the fact that we consider the linear dual of the bar
construction. 
The underlying space Ĝodd
(
H−•
(
M
) )
(A) of graphs admits several gradings: the arity (number of
elements of A), the total genus (the sum of the genus of the graph with the genera of the elements
labelling the vertices), the weight (number of vertices), the homological degree (the total degree of
the various labelling elements) which is here either even or odd, etc. The master equation becomes
dAα − d1α − d2α + ∆α +
1
2
{α, α} = 0 ,
where dA, d2, and { , } preserve the genus and where d2 and ∆ increases it by 1. Proposition 2.14
shows that solutions to this master equation correspond bijectively to homotopy cohomological field
theories structures on A.
Corollary 2.16.
(1) The solutions α concentrated in weight 1, that is α ∈ H−•
(
M
)
(A), coincide with cohomological field
theories without unit.
(2) If moreover, α in concentrated in H0
(
M
)
(A), one gets a topological field theory.
(3) The solutions concentrated in weight 1 and genus 0, i.e. α ∈ H−•
(
M0
)
(A) are tree level cohomological
field theories, in the terminology of [Man99].
Proof.
(1) Since the master equation splits into −d1α + ∆α = 0, which lives in weight 1, and −d2α +
1
2
{α, α} = 0, which lives in weight 2. These are the two relations defining the notion of a
cohomological field theory without unit: the former is Relation (4.8) of [Man99, Chapter III]
and the latter is Relation (4.7) of loc. cit..
(2)-(3) This is straightforward from the definitions.

Recall that any differential graded shifted Lie algebra can be twisted by any of its Maurer–Cartan
elements, in the present case, it gives the differential graded shifted Lie algebra
gϕ ≔
(
Ĝodd
(
H−•
(
M
) )
(A), dϕ, { , }
)
,
where dϕ ≔ d + ∆ + {ϕ,−} .
Definition 2.17 (Homology groups of a (homotopy) CohFT). The homology groups of a (homotopy)
CohFT (A, ϕ) are defined by H• ( g
ϕ) with respect to the twisted differential dϕ .
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One can now adapt all the general methods of deformation theories controlled by differential graded
Lie algebras, see [LV12, Section 12.2] for instance, in order to study the deformation properties of
homotopy CohFTs with their homology groups.
Definition 2.18 (Deformations). For any local algebra R  k ⊕ m with residue field k and for any
homotopy cohomological field theory (A, ϕ), with ϕ ∈ MC(g), an R-deformation of ϕ is an R-linear
homotopy cohomological field theory Φ on A ⊗ R which is equal to ϕ modulo m. We denote their
set by Defϕ(R).
An infinitesimal deformation is a deformation over the algebra R = k[ε]/(ε2) of dual numbers. A
formal deformation is a deformation over the algebra R = k[[~]] of formal power series.
Lemma 2.19. The set of R-deformations of a homotopy CohFT ϕ is in natural bijection with the following
set of solutions to the Maurer–Cartan equation:
Defϕ(R)  MC (g
ϕ ⊗ m) .
Proof. The R-linear convolution algebra associated to A⊗R is isomorphic to g⊗R. Thus a homotopy
cohomological field theory structureΦ on A⊗R which is equal to ϕ modulo m amounts to a Maurer–
Cartan element of g⊗R whose restriction to g is equal to ϕ. Under the isomorphism g⊗R  g⊕g⊗m,
the element Φ = ϕ + Φ¯ satisfies the master equation of g ⊗ R if and only if Φ¯ satisfies
d
(
Φ¯
)
+
{
ϕ, Φ¯
}
+
1
2
{
Φ¯, Φ¯
}
= dϕ
(
Φ¯
)
+
1
2
{
Φ¯, Φ¯
}
= 0 ,
which is the Maurer–Cartan equation in gϕ ⊗ m . 
Let us first consider the case of cohomological field theories on graded vector spaces A, that is where
dA = 0. We define the syzygy degree of a labelled graph γ ∈ Godd
(
H−•
(
M
) )
(A) by the number of internal
edges and we denote it by [−]. Equipped with the syzygy degree, the twisted convolution algebra
g forms a cohomologically graded chain complex, with syzygy degree concentrated in N. Maurer–
Cartan elements ϕ of syzygy degree 0 and coincide with cohomological field theory structures on A.
An infinitesimal deformation of a CohFT ϕ, called “first order deformation” in [PZP19], is an element
λ ∈ g
[0]
even satisfying
dλ + ∆λ + {ϕ, λ} = 0 .
This equation is equivalent to the two equations d1λ = ∆λ of weight 1 and d2λ = {ϕ, λ} of weight 2,
which are respectively Equation (iiq) and Equation (iir) in [PZP19, Section 2.1].
Proposition 2.20 (Infinitesimal deformations of CohFTs). For any cohomological field theory ϕ on a
graded vector space (A, 〈 , 〉), there is a canonical bijection
Defϕ
(
k[ε]/
(
ε2
) )
 Z [0] ( gϕ) .
Proof. This is a direct application of Lemma 2.19. 
Proposition 2.21 (Obstructions for formal deformations of CohFTs). Let ϕ be a cohomological field
theory on a graded vector space (A, 〈 , 〉). When H[1] ( gϕ) = 0, any even cocycle of Z [0] ( gϕ) extends to a
formal deformation of the CohFT ϕ.
Proof. A series ϕ +
∑
n>1 ϕnt
n is a formal deformation of ϕ if and only if
(5) d (ϕn) + {ϕn, ϕ}︸              ︷︷              ︸
=dϕ (ϕn )
+
1
2
n−1∑
k=1
{ϕk, ϕn−k }︸               ︷︷               ︸
≔Φn
= 0 ,
for any n > 1. Let ϕ1 ∈ Z
[0] ( gϕ) be an even cocycle, so it satisfies Equation (5) for n = 1 since
Φ1 = 0. Suppose now that there exist elements ϕ1, . . . , ϕn−1 ∈ g
[0] which satisfy Equation (5) up to
n − 1. A direct computation shows that Φn is an even cocycle, that is d
ϕ (Φn) = 0, which concludes
the proof. 
Let us now consider the case when the underlying differential dA of A is not necessarily trivial. In
this case, each syzygy degree summand g[n] is a chain complex with respect to dA .
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Proposition 2.22 (Obstructions for homotopy CohFTs). Let (A, dA, 〈 , 〉) be a chain complex equipped
with a symmetric bilinear form of even degree with ϕ ∈ g[0]even such that dA(ϕ) = 0. When Hodd
(
g[n], dA
)
= 0,
for any n > 1, then ϕ extends to a homotopy CohFT.
Proof. The method is similar to the one of Proposition 2.21. A homotopy CohFT is a Maurer–Cartan
of the form
∑
n>0 ϕ
[n], where ϕ[n] ∈ g
[n]
even; equivalently they satisfy the equation
(6) dA
(
ϕ[n]
)
+ (−d1 − d2 + ∆)
(
ϕ[n−1]
)
+
1
2
n−1∑
k=1
{
ϕ[k], ϕ[n−1−k]
}
︸                                                          ︷︷                                                          ︸
Φ[n]≔
= 0 ,
for any n > 0. When ϕ is an even cycle of g[0] with respect to dA, the element ϕ
[0]
≔ ϕ satisfies
Equation (6) for n = 0. Suppose now that there exist elements ϕ[k] ∈ g[k]even, for 0 6 k 6 n − 1, which
satisfy Equation (6) up to n − 1. A direct computation shows that Φ[n] is an even cycle with respect
to dA, that is dA
(
Φ[n]
)
= 0, which concludes the proof. 
In order to get homological interpretation of the deformation theory of homotopy CohFTs, we go
back by considering the convolution algebra g with its underlying homological degree.
Proposition 2.23 (Infinitesimal deformations of homotopy CohFTs). For any homotopy cohomological
field theory ϕ on a chain complex (A, dA, 〈 , 〉), there is a canonical bijection
Defϕ
(
k[ε]/
(
ε2
) )
 Zeven (g
ϕ) .
Proof. This is a direct application of Lemma 2.19. 
Proposition 2.24 (Obstructions for formal deformations of homotopy CohFTs). Let ϕ be a homotopy
cohomological field theory on a chain complex (A, dA, 〈 , 〉). When Hodd (gϕ) = 0, any even cycle of Zeven ( g˜ϕ)
extends to a formal deformation of the homotopy CohFT ϕ.
Proof. This proof is similar to the one of Proposition 2.21. 
To go even further in the deformation properties of homotopy CohFTs, one would need to introduce
a suitable notion of morphism and ∞-morphism in the homotopy case, see [LV12, Section 12.2.10]
for more details in the case of operads.
2.3. Pandharipande–Zvonkine’s construction. In this section, we cast Pandharipande–Zvonkine’s
construction of cohomological field theories with possibly non-tautological classes [PZP19] in the
general context of deformation of (homotopy) CohFTs. This method allows us to introduce a wider
class of examples.
Motivated by the Frobenius algebra structure on the cohomology H•(X,C) of a genus m curve, we
consider the following Z-graded vector space
A−1 ≔ k{b1, . . . , bm} , A0 ≔ k{a, d} , A1 ≔ k{c1, . . . , cm} ,
endowed with the following non-degenerate symmetric pairing
〈bi, ci〉 ≔ 1 and 〈a, d〉 ≔ 1 .
We consider the following even degree element in Ĝodd
(
H•
(
M
) )
(A):
(7) α ≔
∑
n>3
1
(n − 1)! 10,n d
d
a
d
d
+
∑
n>3
i=1, ...,m
1
(n − 2)! 10,n d
bi
ci
d
d
+ (2−2m)
∑
n>1
1
n! 11,n d
d
d
d
d
,
where 1g,n stands for the generator of H
0
(
Mg,n
)
.
Remark 2.25. There is slight discrepancy between the present presentation and [PZP19], since in
loc. cit. the authors consider rather α ∈ H•
(
M
)
(A∗) .
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Lemma 2.26 ([PZP19, Proposition 8]). The element α is solution to the master equation (4):
dα + ∆α + 1
2
{α, α} = 0 .
In other words, the element α defines a topological field theory and thus a cohomological field theory.
Proof. Even if a proof is given in loc. cit., we give one here which uses the algebraic structure of the
present deformation theory. Let us compute the various terms appearing in dα + ∆α + 1
2
{α, α}:
dAα =0 ,
−d1α = −
∑
n>3
2−2m
2(n−2)!
10,n
d
d
d
d
,
−d2α = −
∑
k,l>3
1
(k−2)!(l−1)!
10,k 10,l
d
d
a
d d
d
d
d
−
∑
k, l>3
i=1, ...,m
1
(k−2)!(l−2)! 10,k 10,l
d
d
ci
d d
d
bi
d
−
∑
k, l>3
i=1, ...,m
1
(k−3)!(l−1)!
10,k 10,l
d
d
ci
bi
d
d
d
d
d
−
∑
k>3,
l>1
2−2m
(k−1)!(l−1)!
10,k 11,l
d
d
d
d
d
d
d
d
,
∆α =
∑
n>3
1
(n−2)!
10,n
d
d
d
d
−
∑
n>3
m
(n−2)!
10,n
d
d
d
d
,
1
2
[α, α] =
∑
k,l>3
1
(k−2)!(l−1)!
10,k 10,l
d
d
a
d d
d
d
d
+
∑
k, l>3
i=1, ...,m
1
(k−3)!(l−1)!
10,k 10,l
d
d
ci
bi
d
d
d
d
d
∑
k, l>3
i=1, ...,m
1
(k−2)!(l−2)! 10,k 10,l
d
d
ci
d d
d
bi
d
+
∑
k>3,
l>1
2−2m
(k−1)!(l−1)!
10,k 11,l
d
d
d
d
d
d
d
d
.

Associated to any cohomology class Λ ∈ H•
(
Mh,m
)
whose degree has the same parity as m, we
consider the following degree 0 element of Ĝodd
(
H•
(
M
) )
(A):
(8) λ ≔
∑
k>m
1
(k − m)! Λk d
c1cm
d ,
where the notation Λk ≔ p
∗
k
(Λ) stands for the cohomology class defined by the map pk : Mh,k →
Mh,m which forgets k − m marked points.
Definition 2.27 (Minimal class). A cohomology class Λ is called minimal when it is a primitive
element in the modular cooperad H•
(
M
)
: this means that its image under any expansion map χij :
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H•
(
Mg+1,n−2
)
→ H•
(
Mg,n
)
is trivial and that its image under any partial decomposition map δ
j
i
:
H•
(
Mg+g′,n+n′−2
)
→ H•
(
Mg,n
)
⊗ H•
(
Mg′,n′
)
is trivial.
Theorem 2.28 ([PZP19, Theorem 5]). When the cohomology class Λ ∈ H•
(
Mh,m
)
is minimal, the element
α + λ is solution to the master equation (4):
d(α + λ) + ∆(α + λ) + 1
2
{α + λ, α + λ} = 0 .
In other words, the element α + λ defines a CohFT.
Proof. Since α is a CohFT, we have
d(α + λ) + ∆(α + λ) + 1
2
{α + λ, α + λ} = dα + ∆α + 1
2
{α, α}︸                   ︷︷                   ︸
=0
+dλ + ∆λ + {α, λ} + 1
2
{λ, λ} .
The isotropy of the sub-space k{a, b1, . . . , bm} implies ∆λ = 0 and {λ, λ} = 0. It remains to show that
−dλ = d1λ + d2λ = {α, λ} to conclude the proof. Let us first compute {α, λ} =
∑
n>3
k>m

1
(n−1)! 10,n d
d
a
d
d
+
∑
i=1,...,m
1
(n−2)! 10,n d
bi
ci
d
d
+
2−2m
n! 11,n d
d
d
d
d
, 1
(k−m)! Λk d
c1cm
d

=
∑
n>3
k>m
1
(n−1)!(k−m−1)!
10,n Λk
d
d
d
d
cm c1
d
d
+
∑
n>3
i=1,...,m
k>m
1
(n−2)!(k−m)!
10,n Λk
ci
d
d
d
d ci−1
cm
c1
d
dci+1
.
The minimality of Λ implies that the restriction of Λk to a natural divisor in Mh,k is non-trivial if
ans only if the image of this divisor under the projection pk is the whole space Mh,m. It is the case
only if the generic point of the divisor is represented by a two-component curve with one component
of genus 0, with at most one point labeled by ci, for i = 1, . . . ,m, on that component (cf. [PZP19,
Section 1.5]). This immediately implies that d1(λ) = 0 and that
d2(λ) =
∑
n>3
k>m
1
(n−1)!(k−m−1)!
10,n Λk
d
d
d
d
cm c1
d
d
+
∑
n>3
i=1,...,m
k>m
1
(n−2)!(k−m)!
10,n Λk
ci
d
d
d
d ci−1
cm
c1
d
dci+1
.

The above statement means that λ is an infinitesimal and global deformation of the CohFT α. The
isotropic property of c1, . . . , cm, d is responsible for the infinitesimal-to-global deformation since it
implies ∆(λ) = 0 and {λ, λ} = 0.
The Pandharipande–Zvonkine construction can be generalised as follows. We consider the Z-graded
Frobenius algebra structure on the cohomology A of an arbitrary compact manifold of even dimension
D > 0. It has a natural cohomological grading, A = ⊕D
i=0
Ai, and, with respect to this grading, the
Poincaré pairing has degree −D. Let r > 0 be the minimal possible positive degree such that Ar , 0.
Let d ∈ AD be the top cohomology class, a ∈ A0 the unit, and let k{c1, . . . , cm} be an isotropic
subspace of Ar with respect to the Poincaré pairing, and k{b1, . . . , bm} the dual classes in AD−r , in
particular, 〈bi, ci〉 = 1. Let k{e1, . . . , es} be the orthogonal complement of k{a, b1, c1, . . . , bm, cm, d}.
We consider the even degree element α ∈ Ĝodd
(
H•
(
M
) )
(A) defined by
α ≔
∑
n>3
1
(n − 1)! 10,n d
d
a
d
d
+
∑
n>3
i=1, ...,m
1
(n − 2)! 10,n d
bi
ci
d
d
+ str(idA)
∑
n>1
1
n! 11,n d
d
d
d
d
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+∑
n>3, t>2
n≥t
〈 f ∗t · · · f
∗
1 , d〉
(n − t)!|Aut( f1, . . . , ft )| 10,n d
ft
. . .
f1
d
,
where str(idA) stands for the supertrace of the identity operator on A and where the last sum runs
over all possible tuples of basis vectors f1, . . . , ft ∈ {b1, . . . , bm, e1, . . . , es} such that the sum of the
original cohomological gradings of f1, . . . , ft is equal to (t − 1)D. By |Aut( f1, . . . , ft )| we denote the
order of the automorphism group of the tuple f1, . . . , ft .
Lemma 2.29. This element α is a solution to the master equation (4). In other words, it is a topological
field theory and thus a cohomological field theory.
Proof. Notice that, for degree reasons coming from the natural cohomological degree of the algebra A,
the left-hand side of the master equation can be non-trivial only in genera 0 and 1. The proof that thus
defined α is a solution to the master equation repeats mutatis mutandis the proof of Lemma 2.26. 
Theorem 2.30. We consider a minimal class Λ ∈ H•
(
Mh,m
)
, whose degree has the same parity as rm, and
we define the even degree element λ ∈ Ĝodd
(
H•
(
M
) )
(A) defined by Equation (8). Then α + λ is a solution to
the master equation (4), which means that α + λ defines a CohFT.
Proof. The proof of this statement repeats mutatis mutandis the proof of Theorem 2.28. 
2.4. Quantum homotopy CohFT and the Buryak–Rossi functor. In order to study formal defor-
mations, one works with k[[~]]-extensions of the shifted Lie algebra whose Maurer–Cartan elements
encode morphisms of modular operads. There is however another way to extend the present theory
from the ground field k to the ground ring k[[~]], which is not free this time. This gives rise to a new
notion of quantum homotopy CohFT. Remarkably enough, quantum CohFTs were already studied in
the literature in the program of quantization of Dubrovin–Zhang integrable hierarchies associated to
CohFTs proposed by Buryak and Rossi in [BR16]. Moreover, the key quantization step of their con-
struction translated to our language appears to be a functor from the Deligne groupoid of homotopy
CohFTs to the Deligne groupoid of quantum homotopy CohFT.
Definition 2.31 (k[[~]]-extensions). The k[[~]]-extension of a modular operad P =
(
{Pg(n)}g,n, dP,
ξij, ◦
j
i
)
defined over k is the modular operad
P[[~]]≔
(
{Pg(n)[[~]]}g,n, dP, ξij, ◦
j
i
)
defined over k[[~]] by k[[~]]-linear extensions of its structure maps. In a similar way, we consider
the k[[~]]-extensions of shifted modular operads, (shifted) modular cooperads, and complete shifted
∆-Lie algebras. In this latter case, we get
(g[[~]],F[[~]],d,∆, { , }) .
One can also consider the following “quantum versions” which are not free k[[~]]-extensions.
Definition 2.32 (Quantum versions). The quantum (shifted) modular operad associated to a (shifted)
modular operad P =
(
{Pg(n)}g,n, dP, ξij, ◦
j
i
)
defined over k is the (shifted) modular operad
P
~
≔
(
{Pg(n)[[~]]}g,n, dP, ~ ξij, ◦
j
i
)
defined over k[[~]] by k[[~]]-linear extensions of its structure maps. In the same way, the quantum
shifted ∆-Lie algebra associated to a shifted ∆-Lie algebra (g, d,∆, { , }) defined over k is the shifted
∆-Lie algebra
g~ ≔ (g[[~]],d, ~∆, { , })
defined over k[[~]] by k[[~]]-linear extensions of its structure maps.
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This procedure defines two functors from shifted modular operads (resp. complete shifted ∆-Lie
algebras) over k to shifted modular operads (resp. complete shifted ∆-Lie algebras) over k[[~]].
These functors commute with the totalisation functor of Lemma 2.7:
shifted modular operads over k complete shifted ∆-Lie algebras over k
shifted modular operads over k[[~]] complete shifted ∆-Lie algebras over k[[~]]
(−)~
(̂−)
(−)~
(̂−)
since
(∏
(g,n)∈N2
Pg(n)
Sn
)
[[~]] 
∏
(g,n)∈N2
(
Pg(n)
Sn[[~]]
)
. The upshot produces a complete shifted
∆-Lie algebra over k[[~]], called the quantum totalisation of a shifted modular operad and denote by
P̂~ .
Definition 2.33 (Quantum master equation). The quantum master equation is the equation
(9) dα + ~∆α + 1
2
{α, α} = 0
in a shifted ∆-Lie algebra over k[[~]] . We only consider its degree 0 (or even degree) solutions.
In the case of a quantum shifted ∆-Lie algebra g~, the quantum master equation is nothing but the
Maurer–Cartan equation of the associated shifted Lie algebra
(
g[[~]],d + ~∆, { , }
)
over k[[~]], that
we still denote by g~ by a slight abuse of notation. The associated set of solutions is denoted by
MC
(
g~
)
.
The quantum shifted modular operad associated to a convolution shifted modular operad is given
by the following lemma.
Lemma 2.34. There is a isomorphism of shifted modular operads over k[[~]]:
Homk (C,P)
~
 Homk[[~]]
(
C[[~]],P~
)
,
natural in shifted modular cooperads C and modular operads P over k .
Proof. The proof relies on the natural isomorphism
Homk[[~]]
(
Cg(n)[[~]],Pg(n)[[~]]
)
 Homk
(
Cg(n),Pg(n)[[~]]
)
 Homk
(
Cg(n),Pg(n)
)
[[~]] ,
which preserves the respective structure maps. 
As in the classical case given in Proposition 2.14, the set of Maurer–Cartan elements of the quantum
convolution algebra associated to Homk(C,P) encodes morphisms from a suitable cobar construc-
tion.
Proposition 2.35. There is natural bijection:
MC
(Homk(C,P)~)  Hommodopk[[~]] (ΩC[[~]],P~) .
Proof. This is a direct corollary of Proposition 2.14 and Lemma 2.34. 
Definition 2.36 (Quantum homotopy CohFT). A quantum homotopy CohFT, or q-CohFT∞ for short,
is a differential Z-graded vector space (A, dA, 〈 , 〉) with a symmetric bilinear form of even degree
equipped with a even graded morphism of Z/2Z-graded modular operads over k[[~]]
ΩBH•
(
M
)
[[~]] → End~A .
We are going to show that such elaborated structures appear functorially from CohFTs, see below,
and that they admit a non trivial action of the prounipotent Grothendieck–Teichmüller group, see
the next section. Since A[[~]]⊗k[[~]]n 
(
A⊗kn
)
[[~]] , a quantum homotopy CohFT amonts to a certain
k[[~]]-linear structure on A[[~]] .
Proposition 2.37. The data of a quantum homotopy CohFT is equivalent to the data of a solution to the
quantum master equation of the quantum shifted ∆-Lie algebra
g
~

(
Ĝodd
(
H−•
(
M
) )
(A)[[~]],d, ~∆, { , }
)
.
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Proof. It is straightforward from the above definition, Proposition 2.35, and Proposition 2.15. 
Proposition 2.37 allows us to make explicitly the data of a quantum homotopy CohFT is given by a
series of even degree
α~ = α(0) + α(1)~ + · · · + α(k)~k + · · · ,
with α(k) ∈ Ĝodd
(
H−•
(
M
) )
(A), satisfying
dAα
(k) − d1α
(k) − d2α
(k)
+ ∆α(k−1) + 1
2
∑
l+m=k
{
α(l), α(m)
}
= 0 ,
for any k > 0, under the convention α(−1) = 0 . In a similar way, one defines a quantum CohFT as
an even graded morphism H•
(
M
)
[[~]] → End~A of modular operads over k[[~]] . Under the above
description, a quantum CohFT is a quantum homotopy CohFT α~ where each α(k) is made up of
one-vertex graphs, for any k > 0 .
Let λ0 = 1, λ1, . . . , λg ∈ H
−•
(
Mg,n
)
be the Chern classes of the Hodge bundle Eg → Mg,n . We
denote simply by λ~ the element of H•
(
Mg,n
)
[~] defined by
λ~ ≔ λg + λg−1~ + · · · + λ1~
g−1
+ λ0~
g .
(we intentionally omit g and n in the notation for λ~, since it will be always clear on which space this
class is taken). The main property of the class λ~ can be formulated as follows.
Lemma 2.38 ([Mum83]). In the modular cooperad H−•
(
M
)
[~], the cohomology classes λ~ satisfy the fol-
lowing identities:
⋄ the image of λ~ under any expansion map χij : H−•
(
Mg+1,n−2
)
[~] → H−•
(
Mg,n
)
[~] is equal to ~λ~ ;
⋄ the image of λ~ under any partial decomposition map δ j
i
: H−•
(
Mg+g′,n+n′−2
)
[~] → H−•
(
Mg,n
)
[~]⊗
H−•
(
Mg′,n′
)
[~] is equal to λ~ ⊗ λ~ .
To any element α ∈ g, we associate the element BR(α) ∈ g~ defined by the following rule: we multiply
the cohomology classes labelling each vertex by the corresponding λ~ and the whole graph by ~b1 ,
where b1 is the first Betti number of the graph. For instance, we have
BR:
a3
a1 a7
a2
a5
a4
a6
µ2
µ1
µ3
7→
a3
a1 a7
a2
a5
a4
a6
µ2λ
~
µ1λ
~
µ3λ
~
~
4
Lemma 2.39. The above assignment defines a morphism of complete Z/2Z-graded shifted dg Lie algebras :
BR : (g[[~]],d + ∆, { , }) → g~ = (g[[~]],d + ~∆, { , }) .
Proof. Since the Chern classes have even degree, the map BR is linear map of even degree. One can
first see that the map BR commutes with the differential dA and the shifted Lie bracket { , } since
they change neither the labels of the vertices nor the Betti number of graphs. Secondly, we note that
BR∆ = ~∆BR . Indeed, the operator ∆ does not change the labels of the vertices and increases the
first Betti number of the graph by 1, so we need an extra factor of ~.
Since H−•
(
M
)
[~] is a modular operad arising from a topological modular operad, it is a Hopf modular
operad, that is its expansion maps and its partial decomposition maps commute with the product
of cohomology classes. The differential d2 does not change the Betti number of the graph as it
amounts to applying the partial decomposition maps δ
j
i
. By the above remark and Lemma 2.38, it
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commutes with the map BR . The differential d1 amounts to applying the expansion maps χij , so
it increases the Betti number of the graph by 1 . By Lemma 2.38, it generates the factor ~λ~ on the
corresponding vertex, and we gain an extra power of ~ in front of the graph. Hence, BR commutes
with d2 as well. 
Let us recall that any complete Z/2Z-graded shifted dg Lie algebra (g,F, d, { , }) admits a gauge group
(F1godd, 0,BCH), where BCH stands for the Baker–Campbell–Hausdorff formula. It acts on the set
of Maurer–Cartan elements by the formula
α +
∑
k>1
1
k!
(
adkξ (α) + ad
k−1
ξ (dξ)
)
,
for α ∈ MC(g) and ξ ∈ F1godd. The groupoid whose objects are Maurer–Cartan elements and whose
morphisms are the actions of the gauge group is called the Deligne groupoid.
Theorem 2.40. The map BR induces a functor from the Deligne groupoid of homotopy CohFTs over k to the
Deligne groupoid of quantum homotopy CohFTs over k[[~]] , which we call the Buryak–Rossi functor.
Proof. This a straightforward consequence of the fact that any morphism of complete (shifted) dg
Lie algebras induces a functor between the two associated Deligne groupoids. We consider first
the natural inclusion (g, d + ∆, { , }) ֒→ (g[[~]],d + ∆, { , }) of complete shifted dg Lie algebras over
k , and then the morphism BR of complete shifted dg Lie algebras over k[[~]] by Lemma 2.39. The
composite of the two associated functors between Deligne groupoids produces the functor mentioned
in the statement. 
Remark 2.41. Buryak–Rossi functor is used in [BR16] in the following special case. Let {αg,n} be a
strict CohFT (that is, we have a Maurer-Cartan element in g supported on one-vertex graphs without
edges). They consider a system of classes
{
αg,nλ
~
}
. In our language, they get a Maurer-Cartan
element of g~, that is a strict quantum CohFT. As we mentioned above, it is the key step in their
approach to quantization of integrable hierarchies of topological type.
3. Universal deformation group
We begin this section by introducing the operad CGra of all the natural operations acting the to-
talisation of a (shifted) modular operad; this operad, made up graphs, is the connected part of the
operad Gra	0 of Kontsevich and Willwacher. It naturally contains the operad S∆Lie of shifted ∆-
Lie algebras and we define the universal deformation group of morphisms of modular operads as the
even homology groups of the deformation complex of this inclusion S∆Lie ֒→ CGra. This defor-
mation complex is isomorphic to a quantum extension of the Kontsevich graph complex introduced
by Merkulov–Willwacher in [MW14]. So we follow their method in order to prove that the univer-
sal deformation group contains the prounipotent Grothendieck–Teichmüller group and that it acts
functorially on the moduli spaces of gauge equivalence classes of Maurer–Cartan elements of the
quantum totalisation of modular operads. We give a bit more details about the material of loc. cit.
using the language and the tools of the pre-Lie deformation theory [DSV16] this time. In the end,
this allows us to reach the one of the main goals of the present paper: to define an action of the
prounipotent Grothendieck–Teichmüller group on the moduli spaces of gauge equivalence classes of
quantum homotopy cohomological field theories.
3.1. The operad of connected graphs.
Definition 3.1 (The connected graphs operad). The operad CGra is made up of connected graphs
with at most one edge of degree −1 between any pair of vertices including loops. The partial compo-
sition product υ1 ◦k υ2 amounts to first inserting the graph υ2 at the kth vertex of υ1, then relabelling
accordingly the vertices, and finally considering the sum of all the possible ways to connect the edges
in υ1 originally plugged to the vertex k, to any possible vertex of υ2.
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Remark 3.2. This operad is a connected and homological version of an operad introduced by M.
Kontsevich [Kon93, Kon97] in order to encode the natural operations on polyvector fields on affine
manifolds. This latter one plays a key role in T. Willwacher’s theory [Wil15], where it is denoted
by Gra	0 ; more precisely, we have Gra
	
0  Com ◦ CGra, where the operad structure on the right-
hand side is given by a suitable distributive law. Notice however the following slight discrepancy
between the two approaches: in Kontsevich and Willwacher version, the edges receive homological
degree +1, that is cohomological degree −1 in loc. cit.. The conceptual reason lies in the origin of
these operads: Kontsevich’s operad encodes all the universal operations of a cohomological object
(polyvector fields) whereas our operad encodes all the universal operations of a homological object
(homology of topological modular operads).
Proposition 3.3. Let P be any shifted modular operad.
(1) The operad of graphs CGra acts naturally on the totalisation P̂; this algebra structure is encoded in
the morphism of operads denoted by Ψ : CGra → End
P̂
.
(2) The assignment
∆ 7→
1
and { , } 7→ 1 2
defines a morphism of operads Θ : S∆Lie → CGra.
(3) The shifted ∆-Lie algebra structure on P̂ is equal to the composite of the above two morphisms of
operads
S∆Lie End
P̂
.
CGra
Φ
Θ Ψ
Proof.
(1) A connected graph υ ∈ CGra(n) is made up of a collection of edges and loops {tij } where
i, j stands for the labels of the two vertices, which can be the same. The action of υ on n
elements γ1, . . . , γn of P̂ amounts to applying the bracket {γi, γj } for any edge tij of υ, with
i , j, and to applying the operator ∆(γi) for any loop tii of υ. It is straigthforward to see
that this defines a CGra-algebra structure.
(2) Since the operad S∆Lie is generated by ∆ and { , }, it just remains to check that the one-loop
graph and the one-edge graph satisfy the square-zero relation, the derivation relation, and
the shifted Jacobi relation respectively. This is straightforward.
(3) This is straightforward from the above-mentioned definitions.

Example 3.4. Proposition 3.3 lifts the shifted ∆-Lie algebra structure on the totalisation of the endo-
morphism modular operad of Example 2.8. In the case of the odd affine symplectic manifold V ⊕ sV∗,
it endows k[[V ⊕ sV∗]][[t]] with a canonical CGra-algebra structure. Setting t = 0 and considering
the cohomological degree convention, this gives the action of the version of CGra defined with edges
of degree +1 on polyvector fields of affine manifolds due to Kontsevich [Kon97].
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Remark 3.5. There is actually a heuristic reason for the operad CGra to act on the totalisation of a
modular operad and for being the operad of all its natural operations. As explained in Section 1.1,
the notion of a modular operad is encoded by the monad of graphs whose composition product
is given by the insertion of graphs. When one forgets which input is which under the totalisation
functor, it is natural to expect that graphs without leaves act on it. The operadic composition product
of these graphs is then given by the insertion of such graphs, thereby producing the operad CGra.
Such a pattern can already be seen on the level of operads, which are algebras over the monad of
rooted trees with leaves equipped with the insertion of trees. The operad encoding all the natural
operations acting on the totalisation of an operad is the rooted tree operad, which is made up of
rooted trees without leaves with composition maps given by the insertion of such trees. In the case of
classical operads, the analogue of the operad S∆Lie which encodes the minimal structure required
to write down the Maurer–Cartan equation is the operad pre-Lie encoding pre-Lie algebras. In this
case, the two operads of all operations (rooted trees) and of the minimal set of operations (pre-Lie)
are isomorphic [CL01]. This is not the case here and it is precisely this discrepancy that will give
rise to a universal deformation group, see below.
3.2. Cycle action. Similarly to Section 2.1, the total space of equivariant mapsHomS (C,P) :=∏
n>1
HomSn (C(n),P(n))
from a cooperad to an operad carries a differential graded pre-Lie algebra structure, denote by ⋆,
and thus a differential graded Lie algebra structure, denoted by [ , ] , see [LV12, Section 6.4] and
[DSV16] for more details.
Lemma 3.6. The convolution pre-Lie algebra associated to any operad P and to the Koszul dual cooperad
C = (S∆Lie)¡ is the pre-Lie algebra
aP ≔
(HomS ((S∆Lie)¡,P), ∂,⋆)  (∏
n>1
k>0
P(n)Sn~k, ∂,⋆
)
,
where the preLie product is the k[[~]]-extension of the pre-Lie product on the totalisation of the operad P, with
~ of degree 0.
Proof. The proof is given by the computation of the Koszul dual cooperad:
(S∆Lie)¡  Tc(s∆) ◦ Com∗  Tc(s∆) ⊗ Com∗ ,
where s∆ is an arity 1 and degree 0 element. The Koszul dual operad is given by the distributive
law such that the composite at any place with the element dual to s∆ produces the same result. This
shows that the pre-Lie product on aP is the k[[~]]-extension of the preLie product from P. 
Remark 3.7. In order to encode all the natural operations acting on an “unshifted” modular operad,
we should rather consider the alternative definition for the operad CGra, with the cohomological
degree convention, that is with edges of degree +1. In this case, one should also consider the
“unshifted” version of the operad S∆Lie. Then, the homological degree of an element γ~k of aCGra
would be equal to −2(v−1)+ e−2k, where the number of vertices of the graph γ is denoted by v and
the number of edges by e. In this way, we recover exactly the cohomological degree 2(v − 1) − e + 2k
of [Kon97, Wil15] and the dg Lie algebra of [MW14].
We denote by
a¯P ≔
(HomS ((S∆Lie)¡,P))  ∏
n>1, k>0
(n,k),(1,0)
P(n)Sn~k ,
the complete differential graded pre-Lie subalgebra of aP made up of elements of positive weight,
where the weight is equal to the power of ~ plus the arity minus 1. The set of solutions to the
associated Maurer–Cartan equation ∂φ + φ ⋆ φ = 0 is denoted by MC(a¯P); it is in natural bijection
24
with the set of morphisms of operads Ω
(
(S∆Lie)¡
)
→ P. For instance, for any shifted modular operad
P , we denote by φ ∈ a¯End
P̂
the Maurer–Cartan element corresponding to
Ω
(
(S∆Lie)¡
) ∼
−→ S∆Lie
Φ
−→ End
P̂
and by θ ∈ a¯CGra the Maurer–Cartan element corresponding to
Ω
(
(S∆Lie)¡
) ∼
−→ S∆Lie
Θ
−→ CGra .
We use the same notations for any CGra-algebra structure Ψ : CGra → Endg, where the induced
shifted ∆-Lie algebra structure given by Φ ≔ Ψ ◦ Θ correspond to a Maurer–Cartan element φ of
a¯Endg .
Lemma 3.8. Any morphism of operads Ψ : CGra → Endg defining a CGra-algebra structure on g induces
a morphism of differential graded Lie algebras
Ψ∗ : a¯CGra → a¯Endg
and thus a morphism of twisted differential graded Lie algebras
Ψ∗ : a¯
θ
CGra → a¯
φ
Endg
.
Proof. The first assertion follows from the general theory of operadic twisting morphisms [LV12,
Section 6.4]: the convolution differential graded Lie algebra is functorial in the second entry. The
second assertion is a well known fact in Lie theory: any morphism of differential graded Lie algebras
sends Maurer–Cartan elements to Maurer–Cartan elements and it induces a morphism between the
two thereby twisted differential graded Lie algebras, see [DSV18, Chapter 3, Section 5] for instance.
We apply this here to Ψ∗(θ) = θ ◦ Ψ = φ . 
The twisted differential graded Lie algebra a¯θ
CGra
controls the deformation theory of the morphism
of operads Θ: Def
(
S∆Lie
Θ
−→ CGra
)
, see [MV09a].
Remark 3.9. Notice that the two twisted differentials ∂θ and ∂φ increase the weight grading by 1.
Convention. From now on, like in Section 2.2, we drop the Z-grading and pass to the Z/2Z-grading, that
is we consider finite sums of even elements or finite sums of odd elements. For instance, Maurer-Cartan elements
in dg pre-Lie algebras will be elements of odd degree and Maurer–Cartan elements in shifted ∆-Lie algebras
will be elements of even degree.
Corollary 3.10. There is a morphism of groups
Ψ∗ :
(
Zeven
(
a¯θCGra
)
,BCH, 0
)
→
(
Zeven
(
a¯
φ
Endg
)
,BCH, 0
)
,
where BCH stands for the Baker–Campbell–Hausdorff formula.
Proof. We have to restrict to positive weight elements for the Baker–Campbell–Hausdorff formula to
converge. The rest is a direct corollary of Lemma 3.8: the morphism of Lie algebras integrates to a
morphism of groups. 
Let us recall from [LV12, Chapter 10] that, given a dg module g, a Maurer–Cartan elements α of
the dg pre-Lie algebra a¯Endg corresponds to a (S∆Lie)∞-algebra structures on g. Such a structure
amounts to a collection of operations {
ℓkn : g
⊙n → g
}
n>1,k>0
of degree −1 (odd degree here) satisfying the k[[~]]-extension of the relations of a shifted Lie∞-
algebra, see [DSV18, Chapter 3, Section 4] for instance. Given now two such (S∆Lie)∞-algebra
structures α and β on g, a degree 0 (even degree here) element f ∈ aEndg satisfying the equation
∂ f = f ⋆ α − β ⊚ f corresponds to a (S∆Lie)∞-morphism from α to β. Such a data amounts to a
collection {
f kn : g
⊙n → g
}
n>1,k>0
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such that
 f kn  = n+ k − 1 and satisfying the k[[~]]-extension of the relations of a morphism of shifted
Lie∞-algebras. We call (S∆Lie)∞-isotopies, the (S∆Lie)∞-morphisms whose first component f 01 = id
is the identity map. As usual, the invertible (S∆Lie)∞-morphisms are the ones for which the first
component f 01 is invertible.
Lemma 3.11. Let φ ∈ MC(a¯Endg ) be an (S∆Lie)∞-algebra structure on g. The pre-Lie exponential e
ξ of
any ξ ∈ Zeven
(
a¯
φ
Endg
)
is an (S∆Lie)∞-isotopy of the (S∆Lie)∞-algebra structures ϕ on g.
Proof. The pre-Lie exponential eξ lives in the pre-Lie algebra aEndg , which is complete by Lemma 3.6.
Let ξ be an element of a¯Endg ∩ker ∂
φ. Using the differential trick from [DSV16, Section 5], the gauge
action of eξ on φ is given by
eξ · φ = eadξ (φ) = φ
since ∂φ(ξ) = [φ, ξ] = 0. So eξ is an ∞-isotopy from the (S∆Lie)∞-algebra structures φ on g to itself
by [DSV16, Theorem 3]. 
Let us denote by g[[~]] ≔ g ⊗ k[[~]] the k[[~]]-extension of the complete dg module g .
Lemma 3.12. The assignment
Σ :
(
g,F,
{
ℓkn
}
n>1,k>0
)
7→
(
g[[~]],F[[~]],
{
ℓn ≔
∑
k>0 ~
kℓkn
}
n>1
){
f kn
}
n>1,k>0
7→
{
fn ≔
∑
k>0 ~
k f kn
}
n>1
defines a functor from the category of complete shifted (S∆Lie)∞-algebras over k to the category of complete
shifted Lie∞-algebras over k[[~]] .
Proof. The k[[~]]-extension of g ensures that the various sums make sense. To establish all the
algebraic relations, it is enough to analyse the two corresponding convolution algebras. On the one
hand, the complete convolution pre-Lie algebra encoding the category of complete (S∆Lie)∞-algebras
is aEndg . On the other hand, the complete convolution pre-Lie algebra encoding the category of
complete (SLie)∞-algebras is equal to
bEndg ≔
(HomS ((SLie)¡,P), ∂,⋆)  (∏
n>1
Endg(n)
Sn, ∂,⋆
)
,
The argument given in the proof of Lemma 3.6 shows that aEndg is the k[[~]]-extension of bEndg . More
precisely, since (SLie)¡  Com∗, the morphism of operads T(s∆)◦Com → Com which sends (s∆)k ⊗ µ
to µ induces a morphism from the former pre-Lie algebra to the latter pre-Lie algebra; explicitly, this
morphism of pre-Lie algebras amounts to taking the sum over k. This shows that Maurer–Cartan
elements are sent to Maurer–Cartan elements and that complete shifted (S∆Lie)∞-algebras are sent
complete shifted Lie∞-algebras. The argument is similar for the ∞-morphisms. 
The restriction of the functor Σ to complete shifted ∆-Lie algebras(
g,F, d,∆, { , }
)
7→ g~ =
(
g[[~]],F[[~]],d + ~∆, { , }
)
is the quantum fonctor of Section 2.4 from the subcategory of complete shifted ∆-Lie algebras over k
to the subcategory of complete shifted Lie-algebras over k[[~]]. This functor preserves the respective
∞-morphisms. It also induces a group morphism between the respective notions of ∞-isotopies.
Recall that there is an action of the group of Lie∞-automorphisms on the set of Maurer–Cartan
elements of a complete shifted Lie∞-algebra given by
f · α ≔
∑
n>1
1
n!
fn(α, . . . , α) ,
see [DSV18, Chapter 3, Section 5] for more details including conceptual explanations. This is always
well defined since the Maurer–Cartan elements are supposed to live in the layer F1 of the complete
filtration. Recall that, in the quantum complete shifted Lie-algebra g~, we consider Maurer–Cartan
elements in (F1 g)[[~]], that is solution to the quantum master equation
dα + ~∆α + 1
2
{α, α} = 0 .
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Proposition 3.13. The composite of the abovementioned group morphisms defines a group action
Zeven
(
aθCGra
)
Ψ∗
−→ Zeven
(
a
φ
Endg
)
e
−→ S∆Lie∞-Aut
(
g
) ∑
−→ SLie∞-Aut
(
g~
)
→ Aut
(
MC
(
g~
) )
,
functorial in complete CGra-algebras Ψ : CGra → Endg. It is explicitly given by
λ · α ≔
∑
n>1
k>0
1
n!
(
eΨ(λ)
)k
n
(α, . . . , α) ~k .
Proof. This follows automatically by applying first Corollary 3.10, then Lemma 3.11 and finally the
fact that the pre-Lie exponential defines a group morphism from the gauge group with the BCH
formula to the group of ∞-isotopies [DSV16, Theorem 2]. Notice that any even cycle of aθ
CGra
has
trivial arity 1 component, so Zeven
(
aθ
CGra
)
contains no element of weight 0. It thus forms a well-
defined group under the BCH formula. Finally, one uses Lemma 3.12 and the action of shifted
Lie∞-morphisms on Maurer–Cartan elements. 
Proposition 3.13 applies to modular operads to provide us with a functorial action of the group
Zeven
(
aθ
CGra
)
on Maurer–Cartan elements of the quantum totalisation P̂~ of shifted modular operads.
Remark 3.14. Starting from the pre-Lie algebra aCGra, the three maps Ψ∗, e, and Σ commute in
all possible ways since Ψ∗ and Σ respond respectively to pushing along a morphism of operad and
pulling back along a morphism of cooperads and since the pre-Lie exponential e is a universal
construction for pre-Lie algebras. Notice also that the image of the set of elements of arity greater
or equal to 2 of aCGra under the pre-Lie exponential map is equal to the set of group-like elements
{1} ×
∏
n>2,k>0CGra(n)
Sn~
k , which is endowed with the group structure given by ⊚, by [DSV16,
Lemma 1].
Remark 3.15. Without passing to the Z/2Z-grading, the above-mentioned result would be empty
since the summand of homological degree 0 of aCGra is trivial.
3.3. Homology action. We now study what happens when ones passes to the homology on the
left-hand side.
Any CGra-algebra structure on g contains a shifted ∆-Lie algebra structure by Point (2) of Proposi-
tion 3.3, which gives rise to a quantum complete shifted Lie algebra g~ by Lemma 3.12. This latter
one can be integrated to produce a gauge group made up of its elements F1godd[[~]] equipped with
the Baker–Campbell–Hausdorff formula, which acts on the set of Maurer–Cartan elements. The
corresponding set of equivalence classes, denoted by MC
(
g~
)
, is the moduli space of Maurer–Cartan
elements.
Theorem 3.16. The group morphism of Proposition 3.13 induces a group morphism(
Heven
(
aθCGra
)
,BCH, 0
)
→ Aut
(
MC
(
g~
) )
functorial in complete CGra-algebras.
This statement follows immediately from the following general result, stated without proof in [MW14,
Section 3.1]. Recall that any dg shifted Lie algebra structure (g, d, { , }) is encoded by a Maurer–Cartan
element φ concentrated in arity 2, in the pre-Lie algebra
b¯Endg ≔
(∏
n>2
Endg(n)
Sn, ∂,⋆
)
.
The above-mentioned arguments show that degree even cycles λ ∈ Zeven
(
b¯
φ
Endg
)
act on the set of
Maurer–Cartan elements α of the shifted Lie algebra g under the formula
λ · α ≔
∑
n>1
1
n!
(
eλ
)
n
(α, . . . , α) .
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Proposition 3.17. For any Maurer–Cartan element α of a complete shifted Lie∞-algebra (g, d, φ), the actions
of two homologous cycles λ and µwith even degree of b¯φ
Endg
produce two gauge equivalent elements: λ·α ∼ µ·α .
Proof. We consider the Sullivan algebra k[t, dt] of the 1-simplex. Notice that under the present
homological degree convention |t | is even and |dt | is odd, with differential d(t) = dt. Its complete
tensor with g, defines a complete shifted Lie∞-algebra denoted by g[t, dt] ≔ g⊗̂k[t, dt] . Let λ, µ ∈
Zeven
(
b¯
φ
Endg
)
be two homologous cycles, that is there exists f ∈ b¯
φ
Endg
of odd degree satisfying ∂φ( f ) =
λ − µ. The unit and the augmentation of k[t, dt] show that g is a retract of g[t, dt] . By a slight abuse
of notations, we use the same letter to depict the extensions of elements from b¯Endg to b¯Endg[t,dt] .
The even degree element ξ ≔ tλ + (1 − t)µ − f dt is a cycle in b¯
φ
Endg[t,dt]
. So its pre-Lie exponential
eξ is an Lie∞-automorphism of (g[t, dt], φ). Its action e
ξ · α on α provides us with a Maurer–Cartan
element in g[t, dt] which is equal to eµ · α at t = 0 and to eλ · α at t = 1. This shows that these two
Maurer–Cartan elements are homotopically equivalent. Since homotopy equivalence is equivalent to
gauge equivalence, see [RN19, Corollary 5.3] for instance, this concludes the proof. 
Remark 3.18. This proof shows that two homologous cycles in Zeven
(
b¯
φ
Endg
)
induce two homotopy
equivalent Lie∞-automorphisms of the shifted Lie∞-algebra g under the pre-Lie exponential. It was
originally proved in [Wil14, Lemma 3]. We refer the reader to [DP16, Val14] fro the various equivalent
forms of this latter equivalence relation.
Remark 3.19. In fact, using computations in pre-Lie and dendriform algebras, it is possible to come
up with explicit formulas for the gauge equivalence, and not just prove its existence. We shall address
the arising combinatorial phenomena elsewhere.
Proof of Theorem 3.16. We notice first that the BCH formula passes to homology. Then since the maps
Ψ∗, e, and Σ commute, see Remark 3.14, and since the maps Ψ∗ and Σ are morphisms of dg pre-
Lie algebras, it is enough to prove that the action of the group Zeven
(
b¯Σ
φ
Endg[[~]]
)
on MC
(
g~
)
passes
to homology and to gauge equivalence classes respectively. To do so, one needs to prove that, for
any Maurer–Cartan element of the quantum shifted Lie algebra g~, the actions of two homologous
even cycles of b¯Σ
φ
Endg[[~]]
produce two gauge equivalent elements. Denoting by ϕ the arity 2 part of φ
corresponding only to the ~-extension of the bracket { , } of g[[~]], one can see that the two twisted
dg Lie algebras
b¯
Σφ
End(g[[~]],d)
= b¯
ϕ
End(g[[~]],d+~∆)
are equal. Proposition 3.17 applied to the complete quantum shifted Lie algebra g~ concludes the
proof. 
3.4. Universal deformation group and the Grothendieck–Teichmüller group.
Definition 3.20 (Universal deformation group). We call universal deformation group, the prounipotent
group
G ≔
(
Heven
(
aθCGra
)
,BCH, 0
)
integrating the complete Lie algebra made up of the homology groups represented by graphs with
an even number of edges of the convolution Lie algebra supported by
∏
n>1,k>0CGra(n)
Sn~
k and
twisted by the Maurer–Cartan element
θ = + ~ .
The elements of even degree in aCGra are products of graphs, indexed by some ~
k , made up of
unlabelled vertices and an even number of edges. Since the vertices have odd degree, in order to
perform computations, we always first choose a representative of a graph with a total order on its
set of vertices. Under the invariants-coinvariants identification, one also considers the sum of all
possible labeling of vertices divided by the order of the symmetry group of the graph, see [Wil15,
Remark 2.3]. The Lie bracket is equal to the skew-symmetrization of the insertion of a graph at each
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vertex of another graph and the sum of all the possible way to attach the edges of this vertex to the
first graph.
Example 3.21. The following computations represent a good exercise. The tetrahedron
σ3 ≔
is a cycle ∂θ(σ3) = 0 since both[
, σ3
]
= 0 and
[
, σ3
]
= 0 .
One may wonder what is the shape of the universal deformation group. This question is very difficult
to answer as the homology of graph complexes is very difficult to compute, see Section 2 of the ICM
survey article [Wil18]. To know more, we can frutifully use Willwacher’s achievements like the main
result of [Wil15] which states the the degree 0 cohomology group of Kontsevich’s graph complex is
given by the Grothendieck–Teichmüller Lie algebra grt1 tangent to the prounipotent Grothendieck–
Teichmüller group GRT1. Recall that this latter seminal group, was introduced by V. Drinfeld in
[Dd90] after Grothendieck’s “Esquisse d’un programme”. We refer the reader for instance to the survey
[Mer19] for full definitions.
Following the approach of [Kon97,Wil15], the dg Lie algebra aθ
CGra
can be endowed with the following
cohomological degree: γ ~k  ≔ 2(v − 1) − e + 2k ,
for any graph γ with v vertices and e edges, see Remark 3.7. Therefore the universal deformation
group splits with respect to this cohomological degree:
G =
∏
l∈Z
Gl , where Gl ≔ H2l
(
a
θ
CGra
)
.
Theorem 3.22 ([MW14, Proposition 2.1]).
(1) The Grothendieck–Teichmüller group GRT1 sits inside the universal deformation group as its coho-
mological degree 0 part:
G0  GRT1 .
(2) The negative cohomological summands of the universal deformation group are trivial:
Gl = 0 , for l < 0 .
Proof. We recall the arguments of the proof of [MW14, Proposition 2.1] under the present notations
in order to be self-contained since we will use them later on. Notice that the chain complex aθ
CGra
is
denoted by (fGC2[[u]], d + u∆) in loc. cit.. We consider the ~-adic filtration given by
Fp a
θ
CGra ≔
∏
n>1
l>−p
CGra(n)Sn~l
and the convolution algebra
bϑCGra ≔
(∏
n>1
CGra(n)Sn, ∂ϑ
)
,
where ϑ stands for the Maurer–Cartan elements . One can see that the first page of the
associated spectral sequence is given by
E0p,q 
(∏
n>1
CGra(n)Sn
)p−q
~
−p ,
for p 6 0 and by E0p,q = 0 otherwise, with d
0
= ∂ϑ. Since the chain complex bϑ
CGra
is equal to the
chain complex denoted by fGC	2,conn in [Wil15], we know by Proposition 3.4 and Theorem 1.1 of loc.
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cit. that its negatively graded cohomology groups vanish and that its degree 0 cohomology group
is isomorphic, as complete Lie algebra, to the Grothendieck–Teichmüller Lie algebra grt1 . So the
second page of the spectral sequence has the following form
grt1
grt1~
grt1~
2
grt1~
3
∗
∗∗
∗∗∗
p
q
.
This shows that the spectral sequence is regular; it is clearly exhaustive, complete, and bounded
above, following definitions from [Wei94, Chapter 5]. We can thus apply the Complete Convergence
Theorem [Wei94, Theorem 5.5.10], which ensures that the spectral sequence converges to the ho-
mology groups of aθ
CGra
. This shows the second claim. In order to fully prove the first claim, one
needs to further apply the above arguments to the evaluation map aθ
CGra
→ bϑ
CGra
at ~ = 0, which is
a morphism of dg Lie algebras. This induces the group isomorphism G0  GRT1 . 
Remark 3.23. So far, very little is known about Gl ≔ H2l
(
aθ
CGra
)
, for l > 0 .
The goal of the present work was to reach the following result.
Theorem 3.24. The Grothendieck–Teichmüller group GRT1 acts functorially on the moduli spaces of gauge
equivalence classes of solutions to the quantum master equation of the quantum totalisation of Z/2Z-graded
shifted modular operads. As a particular case, this includes an action of the group GRT1 on the moduli spaces
of morphisms of modular operads of the form ΩC[[~]] → P~, which contains the case of the moduli space of
gauge equivalence classes of quantum homotopy cohomological field theories.
Proof. The first point is a direct corollary of Theorem 3.22, Theorem 3.16, and Proposition 3.3. For
the second and third points, one has to further use respectively Proposition 2.35 and Proposition 2.37.

Example 3.25. In the case of the endomorphism modular operad associated to the odd affine sym-
plectic manifold A = V ⊕ s−1V∗, see Example 2.8 and Example 3.4, Maurer–Cartan elements of the
quantum totalisation algebra are the actions of the Batalin–Vilkovisky formalism and each of them
endows A with a quantum BV manifold structure. So Theorem 3.24 recovers the main result of [MW14]
and establishes an action of the Grothendieck–Teichmüller group GRT1 on the moduli spaces of
formal quantum BV manifolds.
Example 3.26. We would like to emphasise the highly interesting case of the deformation theory of
the identity map of the homology modular operad H•
(
M
)
of the Deligne–Mumford–Knudsen moduli
spaces of curves with marked points. This latter one is controlled by the convolution shifted ∆-Lie
algebra Hom (BH• (M), H• (M) ) , which is also a CGra-algebra; its underlying space is∏
(g,n)∈N2
(
Godd
(
H−•
(
M
) )
g
(n) ⊗ H•
(
Mg,n
) )Sn
.
A shifted version of this deformation complex should encode the deformation theory of the modular
operad structure on the homology H
(
M
)
of Deligne–Mumford–Knudsen moduli spaces of curves.
Since this latter of is a formal modular operad [GSNPR05], such a chain complex will control the
deformation theory of the Deligne–Mumford–Knudsen operad M itself. This would bring as close to
Grothendieck’s original approach, see the introduction, and it should lead to a better understanding
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of the relationship between Drinfeld’s approach of the Grothendieck–Teichmüller group GRT1 in
terms of braided monoidal categories and Grothendieck’s approach. This will be studied in future
work.
The purpose of the introduction of ~ and quantum versions was a priori to control possible diverge
due to the actions of some infinite series of graphs with the same number of vertices. The following
concrete implementation of the proof of Theorem 3.22 shows that this does not seem to be always
mandatory. (One other purpose of this lemma is to allow us to recall from [MW14] the construction
of representatives of cohomology classes in aθ
CGra
from the ones of bϑ
CGra
).
Lemma 3.27.
(1) Any representative of a degree 0 cohomological class of bϑ
CGra
made up of a linear combination of
graphs induces a representative of the associated degree 0 cohomological class of aθ
CGra
made up of a
polynomial in ~ with coefficients in linear combination of graphs.
(2) For any n > 1, the component of arity n of the pre-Lie exponential of any such representatives is a
polynomial in ~.
Proof.
(1) Let us first repeat the general arguments of [MW14, Remark 2.2] which construct represen-
tatives of the homology of aθ
CGra
from representatives of the homology of bϑ
CGra
. We denote
by
ω ≔
the Maurer–Cartan element of aCGra such that θ = ϑ + ω~ . Let σ
(0) be a representative of
cohomological class of degree 0 in bϑ
CGra
. In aθ
CGra
, since ∂ϑ and ∂ω commute up to sign,
∂ω
(
σ(0)
)
is a −1-cocycle in bϑ
CGra
. Since H−1
(
bϑ
CGra
)
= 0 by [Wil15, Proposition 3.4 and
Theorem 1.1], there exists σ(1) of cohomological degree −2 in bϑ
CGra
such that ∂ϑ
(
σ(1)
)
=
−∂ω
(
σ(0)
)
. This gives
∂θ
(
σ(0) + σ(1)~
)
= ∂ω
(
σ(1)
)
~
2 .
By induction, let us now suppose that there exist σ(2), . . . , σ(n) in bϑ
CGra
of respective coho-
mological degree −4, . . . ,−2n and such that
∂θ
(
σ(0) + σ(1)~ + · · · + σ(n)~n
)
= ∂ω
(
σ(n)
)
~
n+1 .
This induces that ∂ω
(
σ(n)
)
is a −2n−1-cocycle in bϑ
CGra
. By the same argument, there exists
σ(n+1) of cohomological degree −2n− 2 in bϑ
CGra
such that ∂ϑ
(
σ(n+1)
)
= −∂ω
(
σ(n)
)
. In the
end, we get a representative
σ~ ≔ σ(0) + σ(1)~ + · · · + σ(n)~n + · · ·
in aθ
CGra
corresponding to the cohomology class represented by σ(0) in bϑ
CGra
.
Since this procedure decreases the number of vertices of the graphs, when σ(0) is a linear
combination of graphs, the representative σ~ is made up of a finite number of graphs and a
polynomial in ~.
(2) Notice that CGra(1) is two-dimensional and spanned by the two one-vertex graphs without
any edge and with a tapdole respectively. The tadpole graph ω corresponding to this latter
graph in aθ
CGra
cannot appear in any representative σ~ since it has an odd number of vertices.
The one-vertex graph without any edge in aθ
CGra
cannot appear too since its image under the
differential ∂ϑ is equal to , which does not live in the image of the differential ∂ω .
In the end, any representative σ~ produced by the aforementioned procedure is made up of
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a finite number of graphs with at least 2 vertices. Therefore, for any n > 1, the component
of arity n of its pre-Lie exponential is a polynomial in ~.

Let us recall the Deligne–Drinfeld–Ihara conjecture which states that the Grothendieck–Teichmüller
Lie algebra grt1 is isomorphic to the following free complete Lie algebra
L̂ie(σ3, σ5, σ7, . . .)  grt1 .
The most important result in this direction (and for us) is that the former imbeds into the latter,
see [Bro12]. Representatives, still denoted σ2m+1, for the homology classes corresponding to these
generators in bϑ
CGra
were given in [RW14]: they are made up of linear combinations of graphs with
2m + 2 vertices and 4m + 2 edges. The first one is actually equal to the tetrahedron:
σ3 = .
More important here, these representatives are closed with respect to the differential ∂ω, see [RW14,
Theorem 1.7, iv)]. So these linear combinations σ2m+1 of graphs are also representatives of the same
generators in H0
(
aθ
CGra
)
. Their action on any solution to the quantum master equation dα + ~∆α +
1
2
{α, α} = 0 of any quantum shifted Lie algebra g~ is given by
σ2m+1 · α =
∑
n>1
1
n!
(eσ2m+1 )n (α, . . . , α) .
The two formulas for the universal deformation group action
σ · α =
∑
m>0
n>1
1
m!n!
(
(· · · ((σ ⋆σ)⋆σ) · · · )⋆σ︸                             ︷︷                             ︸
m times σ
)
(n)(α, · · · , α︸    ︷︷    ︸
n times α
) ,
for σ ∈
∏
n>1CGra(n)
Sn closed with respect to the two differentials ∂ϑ and ∂ω, and for the gauge
group action
α +
∑
k>1
1
k!
(
adkξ (α) + ad
k−1
ξ (dξ + ~∆ξ)
)
,
for ξ ∈ F1godd[[~]], are very different in nature. So one expects that the action of the universal
deformation group on moduli spaces of gauge equivalence classes is not trivial. In order to prove it
formally, it is enough to consider the simplest possible example of strict quantum CohFTs defined
in Section 2.4.
Proposition 3.28. The action of the tetrahedron on quantum homotopy CohFTs is in general not gauge
trivial.
Proof. Let us consider a one-dimension vector space A with a basis element a ∈ A and with a scalar
product 〈a, a〉 = 1. Cosnider a quantum CohFT α with the target space A supported only on one-
vertex graphs without edges, decorated by λ~ (with all leaves decorated by the basis element a ∈ A).
The constant term in ~ of the highest Euler characteristic is
10,3
a a
a ,
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where 10,3 stands for the unit of H
•
(
M0,3
)
. The lowest genus term constant in ~ of
(
σ3 · α
)
− α is
equal to the tetrahedron
τ ≔
10,3
10,310,3
10,3
times a combinatorial coefficient not equal to 0. Suppose that the element σ3 · α is gauge equivalent
to α, that is there exists ξ ∈ F1godd[[~]] such that
σ3 · α = α +
∑
k>1
1
k!
(
adkξ (α) + ad
k−1
ξ (dξ + ~∆ξ)
)
.
Notice that, for any k > 1, all the terms adkξ (x) are made up of graphs with at least one disjoining
edge, that is one edge that would produce two disjoint graphs if removed. Since the tetrahedron
contains no disjoining edge, the term τ can only appear in dξ + ~∆ξ, and actually in dξ, since it
carries no ~ term. The terms of ξ producing τ under d are graphs without any leaves. Since d1
produces a tadpole and since τ does not contain any tadpole, τ should be produced by d2. Since the
differential d2 creates one vertex and one internal edge, the only way to have τ as a term of d2(ξ) is
for ξ to contain the graph
10,310,3 10,4 ,
where 10,4 stands for the unit of H
•
(
M0,4
)
. Since the respective actions of S3 and S4 on H
0
(
M0,3
)
and H0
(
M0,4
)
are trivial and since the degree of edges is odd, the two parallel edges in this graph
can be switched generating a sign. This shows that this graph is actually equal to 0 in g~ and this
concludes the proof. 
3.5. The genus preserving case. Lemma 3.27 and the form of the representatives σ2m+1 of the
tentative generators of the Grothendieck–Teichmüller Lie algebra grt1 tend to indicate that one can
consider the case ~ = 1. From the point of view of the convolution algebra, evaluating at ~ = 1 means
that we are considering the deformation complex of the morphism of operads SLie → CGra given
by
{ , } 7→ 1 2 .
One way to continue to take into account the tadpole is to "internalise" it: the arity 1 element
ω ≔
1
of the operad CGra is an operadic Maurer–Cartan element. So one can twist the operad structure
with it to produce the dg operad
CGraω ≔ (CGra, dω, {◦i}) ,
see [DSV18, Chapter 4, Section 1]. Since the element 1 2 is closed with respect to the twisted
differential dω, the aforementioned morphism of operads induces another morphism Θ : SLie →
CGraω .
Lemma 3.29. Let (g, d) be a dg CGra-algebra and let ∆ : g → g denote the action of ω . The same operations
define a dg CGraω -algebra structure on (g, d + ∆) .
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Proof. This is a direct application of Example 1.2 and Proposition 1.3 of [DSV18, Chapter 4]. Let
Ψ : CGra → End(g,d) denote the morphism of operads which corresponds to the dg CGra-algebra
structure on g . The image ∆ = Ψ(ω) is a Maurer–Cartan element of the endomorphism operad of g
and Ψ induces a morphism of dg operads
Ψ : CGraω → End∆
(g,d)
= End(g,d+∆) .

In the end, the dg shifted Lie algebra structure Φ on (g,d + ∆) is equal to the composite of the two
above morphisms of operads:
SLie End(g,d+∆) .
CGraω
Φ
Θ Ψ
At that point, all the arguments of Section 3.2 apply mutatis mutandis; so we get the following anal-
ogous versions of Proposition 3.13 and Theorem 3.16 respectively. Recall from the proof of Theo-
rem 3.22 that we denote by ϑ the Maurer–Cartan element in bCGraω ; we denote by ϕ the
induced Maurer–Cartan in bEnd(g,d+∆) , that is the one corresponding to the shifted Lie bracket.
Proposition 3.30. The abovementioned maps induce a two group actions
Zeven
(
bϑ
CGraω
)
Ψ∗
−→ Zeven
(
b
ϕ
End(g,d+∆)
)
e
−→ SLie∞-Aut
(
(g, d + ∆)
)
→ Aut
(
MC(g)
)
and(
Heven
(
bϑ
CGraω
)
,BCH, 0
)
→ Aut (MC(g))
both functorial in complete CGra-algebras Ψ : CGra → Endg and explicitly given by
λ · α ≔
∑
n>1
1
n!
(
eΨ(λ)
)
n
(α, . . . , α) .
Remark 3.31. One obtains the exact same results by considering, from the beginning, the dg Lie
sub-algebra of aCGra made up of “genus preserving maps”, that series made up of elements of the
form γ~k where k is equal to the genus of γ.
This case actually produces a trivial theory, as the following statement shows.
Proposition 3.32. The homology of the chain complex bϑ
CGraω
is one-dimensional and concentrated in odd
degree with representative given by the tadpole
H
(
bϑ
CGraω
)

[ ]
.
This implies that the above group made up even homology groups
Heven
(
bϑ
CGraω
)
 0
is trivial.
Proof. In this proof, we use the homological Z-grading. By a slight abuse of notation, we still denote
by ω the tadpole element in bCGra. The twisted dg Lie algebra that we consider is isomorphic to
b
ϑ
CGraω
 b
ϑ+ω
CGra 
(∏
n>1
CGra(n)Sn, ∂ϑ + ∂ω
)
.
Since the two commuting differentials ∂ϑ and ∂ω preserves the number of tadpoles, this chain com-
plex is the direct sum g  N ⊕ T of its two chain sub-complexes made up of graphs without tadpoles
(N) and graphs with at least one tadpole (T) respectively. The former is acyclic by [KWZ17, Corol-
lary 4]. We consider the filtration of T defined by the genus of the graphs: let Fp T be made up
of series of graphs of genus greater or equal to −p. The first page E0p,q of the associated spectral
sequence is made up of series of graphs of genus −p with −p − q edges. Its differential is equal to
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d0 = ∂ϑ. Proposition 3.4 of [Wil15] shows that the homology of T with respect to ∂ϑ is made up of
one class represented by ω . In the present terms, this means that E1p,q = 0 for all p and q, except for
E1−1,0 = [ω] . Since F0 = T , this filtration is exhaustive. Since parallel edges cannot appear due sign
issues, given any number n of vertices, there is an integer p such that all the graphs with n vertices of
genus less or equal than p. This shows that the filtration is complete. The vanishing of the spectral
sequence at the second page shows that it is regular. So it converges to its homology by the Complete
Convergence Theorem [Wei94, Theorem 5.5.10] and this concludes the proof. 
4. Givental–Grothendieck–Teichmüller group
In this section, we focus on the particular case of the shifted ∆-Lie algebra g (and its quantum
analogue g~) introduced in Proposition 2.15 to encode (quantum) homotopy CohFTs. The general
results of Section 3 imply that the even homology of graph complexes that controls deformations of
natural operad morphisms from SLie and S∆Lie to CGra act on their Maurer–Cartan sets, that is
homotopy CohFTs and quantum homotopy CohFTs (the first action being trivial); however, taking
care of the particular form of g and g~, we can nontrivially extend both of those actions by the tauto-
logical classes on moduli spaces, push-forwards with respect to the natural operadic maps applied to
the cohomology classes, and additional unstable components extending the endomorphism operad
EndA. This extension is particularly interesting in the case of quantum homotopy CohFTs where
our approach recovers a huge group whose full description appears out of reach of the current com-
putational techniques; that latter group naturally includes on the same footing both the Givental-like
elements and the Grothendieck–Teichmüller-like elements, and therefore it is natural to call it the
Givental–Grothendieck–Teichmüller group.
A remarkable feature of our construction is that it assumes no prior knowledge of the Givental–
Teleman theory: the arising group actions are naturally forced by the wish to use as much structure
of g as possible to extend the graph complexes, and a priori have nothing to do with any known group
actions. However, in Section 4.4, we demonstrate that in the case of strict CohFTs, we do recover
the Givental–Teleman theory in this new way. The present extension of the Givental group action to
homotopy CohFTs is however new.
An interesting open question is to compare our construction with the previously known construction
of the Givental group action on homotopy hypercommutative algebras (also known as homotopy flat
F-manifolds without unit) coming from change of trivialisation of the trivial circle action [DSV15].
That construction is not compatible with the cyclic group action, while one can expect that it should
have a cyclic formulation that might be shown to be equivalent to the genus 0 part of the construction
that we give below.
Convention. In this section, we work with the Z/2Z-grading convention.
4.1. Extra natural operations. Let us try to extend the connected graph operad CGra to an operad
which would encode all the natural operations acting on g. There are two possible sources of such
operations. First, one may combine the natural maps between the moduli spaces of curves (namely,
the map forgetting the last marked point π : Mg,n+1 → Mg,n, and the maps defining the modular
operad structure, ξij : Mg−1,n+2 → Mg,n and ◦
j
i
: Mg′,n′+1 ×Mg−g′,n−n′+1 → Mg,n) with the algebraic
structures of the cohomology algebras (the Poincaré duality, the push-forward in the cohomology,
and the intersection product). To this end, there is an intensively studied system of subalgebras of
the cohomology rings of the moduli spaces of curves closed under the push-forwards with respect
to all natural maps: the subalgebra of tautological classes, see e. g. [Fab13] for a survey. The additive
generators of this subalgebra are fully understood, they are represented by the natural strata (which
can be considered as the results of the iterative application of the operations ξij and ◦
j
i
) decorated by
ψ- and κ-classes in all possible ways, and we use these classes and push-forwards with respect to the
natural maps to enrich the operad acting on g and g~. Second, one may introduce some operations
depending on the chain complex A, extending the modular endomorphism operad EndA into the
unstable range of the genus-arity data. The only properties that we have to take care of extending
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the operad CGra, are the compatibility with the differentials on g and g~ and the convergence of the
pre-Lie exponents of the new elements that we add
We start with two general remarks that might clarify our constructions. First of all, the CGra-algebra
structure on g uses just the modular operad structure maps. However, a special feature of the algebra
g controlling homotopy CohFTs is the geometric intuition arising from thinking of the arity n in
terms of marked points of stable curves. In particular, one has the ψ-classes at all individual marked
points, and the operators of multiplication by those classes behave well with respect to the natural
maps between moduli spaces. Also, if one allows the operations acting on g to depend on A, some
precautions are needed if A has a nontrivial differential to ensure that the action of the extended
operations are compatible with the differential of g (since the differential of A has an impact both on
the elements that act and on the elements upon which the action is imposed). The strategy that we
choose is to only consider cycles with respect to the differential of A (one could alternatively have
extra differentials arising in some of the formulas below).
Throughout this section, we assume A finite-dimensional. All arguments may proceed without much
change if A is a Hilbert space, and this ensures that interesting infinite-dimensional cases, such as
differential forms on a Kähler manifold, can be included in this formalism as well. However, in such
cases there is a nontrivial choice to make in the definition of the unstable components EndA(0, 2) and
EndA(0, 1). The same applies if we wish to generalise this construction to the case of a more general
target modular operad P: one must find meaningful candidates for the unstable components P0(2)
and P0(1). A more intricate question is how one can generalise the source, that is the cohomology
cooperad of moduli spaces. We hope to address this question elsewhere.
4.1.1. Labels of edges. The biggest extension of the set of natural operations on g comes from the
idea of generalising its shifted ∆-Lie algebra structure, that is the operations ∆ and { , } . Recall that
those operations correspond to adding all ways to connect two leaves (of the same element of g in
the case of ∆ or of two different elements of g in the case of { , }) with the coefficients equal to the
scalar products 〈a′, a′′〉 of the labels of those leaves. One may do more: first, one may multiply the
cohomology classes decorating the vertices adjacent to the given leaves by some particular classes (in
a way that is compatible with other algebraic structures we use, thus we are going to use ψ-classes),
second, one may pair the leaf labels with some vectors of A, forming a product 〈a′, a1〉〈a
′′, a2〉.
(Here the space A⊗2 containing the vector a1 ⊗ a2 should, as we indicated above, be thought of as
the unstable component EndA(0, 2) of the endomorphism operad.) It is convenient to encode such
operations by the suggestive pictures
ψi1a1 a2 ψ
j
2
and
ψi1a1 a2 ψ
j
2 .
In a formula like this, the internal edges acquire a direction from 1 to 2. We prefer to keep the
combinatorics of graphs close to those of the classical graph complexes, and this means imposing
a suitable symmetry condition. Namely, we say that an element M(ψ1, ψ2) ∈ Z•(A
⊗2)[[ψ1, ψ2]] is
symmetric if it is invariant under applying the transposition (12) simultaneously to the factors in A⊗2
and to the ψ-classes. The set of all symmetric elements will be denoted by M.
This suggests an extension of a class of graphs that can be used to act on g. We start with graphs
of edges of degree −1 where parallel edges and tadpoles are allowed, but now each edge (including
tadpoles) is decorated by an element of M; for example, one may have the fragments
(ψ1)
0a1 a1(ψ2)
0
and
(ψ1)
0a1 a2(ψ2)
1
+
(ψ1)
1a1 a2(ψ2)
0
in our graphs. These operations act on g in the obvious way, commuting with d = dA − d1 − d2. We
denote the operation corresponding to the tadpole graph decorated by M by ∆M and the operation
corresponding to the two-vertex graph with a single edge decorated by M by { , }M .
Let us remark that if we consider a graph with all edges are decorated by I(ψ1)
0(ψ2)
0, where I ∈ A⊗2
is the inverse of the scalar product 〈 , 〉, then we cannot have parallel edges for the degree reasons,
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and we get a graph in CGra; thus, our set of operations does indeed extend the set of operations
discussed earlier.
4.1.2. Divisorial push-forward. The second type of natural operations is superficially similar but is
much more geometric, for it uses the push-forward maps in the cohomology of moduli spaces; as we
shall see, they are close to being chain homotopies for some natural operations of the first type, and
thus we denote them h∆M and
h{ , }M (as above, such operations are defined for any M ∈ M). To
define these operations, one connects two leaves by an edge, considers the vertices adjacent to the
given leaves as representing a divisor in a bigger moduli space, multiplies the cohomology classes
decorating the vertices adjacent to the given leaves by ψ-classes at corresponding points, and then
take the push-forward under the sewing map, while simultaneously pairing the leaf labels with some
vectors of A, forming a product 〈a′, a1〉〈a
′′, a2〉. It is convenient to encode such operations by the
suggestive pictures
ψi
1
a1 a2 ψ
j
2
and
ψi
1
a1 a2 ψ
j
2 .
These two new operations do not commute with d = dA − d1 − d2; in fact, the excess intersection
formula implies the following chain homotopy relations:[
d, h∆M
]
= ∆(ψ1+ψ2)M ,[
d, h{ , }M
]
= { , }(ψ1+ψ2)M .
This suggests a further extension of our class of graphs. Namely, we allow graphs to have dashed
edges of degree 0 decorated by elements M ∈ M, and we extend the differential with an extra term
d∗ whose action turns a dashed edge decorated by M into a usual edge of degree −1 decorated by
(ψ1 + ψ2)M .
4.1.3. Extended endomorphism operad. As we mentioned above, some extra operations that can act on
g come from the unstable components of the modular operad EndA. First, we shall define operations
that arise from the unstable component EndA(0, 2) of the endomorphism operad. Such operations
act on elements of g by adding over all leaves the terms where we pair the leaf label with some
vector a1 of A, and decorate that leaf by another vector a2 of A, simultaneously multiplying the
cohomology class decorating the adjacent vertex of the leaf by a ψ-class. It is convenient to encode
such an operation by the suggestive picture
a1ψ
k
a2
Formally the space spanned by these elements is Z•(A
⊗2)[[ψ]]. These operations commute with
d = dA − d1 − d2 . Note that the operadic commutator of the action of such operation R(ψ) with the
action of a decorated graph Γ is equal to the sum over all (both normal and dashed) edges of Γ of
the operation that changes the decoration M = M(ψ1, ψ2) of that edge to −R(ψ1) ◦
2
1 M − M ◦
2
1 R(ψ2).
In addition, the commutator of actions of two such elements R1 and R2 is immediately seen equal to
the action of the “commutator” R1 ◦
2
1 R2 − R2 ◦
2
1 R1 (where the powers of ψ multiply).
The operations arising from the unstable component EndA(0, 1) mixes the algebraic aspects of the
extended endomorphism operad with the push-forwards corresponding to forgetting some of the
marked points. Such operations act on elements of g by adding over all leaves the terms where we
pair the leaf label with some vector a1 of A, erase the leaf from the graph, and push forward with
respect to forgetting the marked point corresponding to the given leaf the result of multiplication by
the ψ-class of the cohomology class decorating the adjacent vertex. It is convenient to encode such
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an operation by the suggestive picture
a1ψ
k
Formally the space spanned by such elements that we shall consider is equal to ψ2Z•(A)[[ψ]] (where
divisibility by ψ2 is necessary for convergence of some of the formulas below). These operations
commute with the differential dA − d1 − d2, as well as with actions of all decorated graphs. In
addition, the commutator of the action of such an operation T with the action of an operation R
from Z•(A
⊗2)[[ψ]] is immediately seen equal to R ◦21 T (where the powers of ψ multiply).
4.1.4. Kappa-classes and Chern characters of the Hodge bundle. Manin and Zograf [MZ00] considered the
space L of systems of classes
{
ℓg,n ∈ H
∗
(
Mg,n,Q
)}
(g,n)
satisfying the properties ρ∗ℓg,n = ℓg−1,n+2 and
σ∗ℓg,n = ℓg′,n′+1⊗1+1⊗ℓg−g′,n−n′+1 . Teleman [Tel12] proved that this space is spanned by the κ-classes
and by the Chern characters of the Hodge bundle chi, that is, ℓg,n =
∑∞
i=1 kiκi +
∑∞
j=0 s2j+1ch2j+1 for
arbitrary choice of the constants ki , s2j+1 .
We introduce yet another family of extra arity one operations (pictured by one-vertex graphs without
edges but with an extra label inside) labelled by the elements ℓ = {ℓg,n} ∈ L. The action of this
operation on each graph in an element of g is equal to the sum over all vertices of the graph, where
the class at the vertex is multiplied by the corresponding class ℓg,n . Such an operation is denoted by
ℓ . It commutes with the differential dA−d1 −d2, as well as with actions of all decorated graphs. In
addition, these operations commute with all operations from Z•(A
⊗2)[[ψ]], and the commutator of
the action of such an operation with an operation T from ψ2Z•(A)[[ψ]] is equal to operation labelled
by −
(∑∞
i=1 kiψ
i
)
T ∈ ψ2Z•(A)[[ψ]] (this follows from the property that π
∗κa = κa − ψ
a
n+1) .
4.2. The tautological graph operad and the associated graph complexes. Let us summarize
here the full definition of TautGra that assembles all operations introduced above. We already
presented the key combinatorial object, the space SGra of graphs with normal and dashed edges
decorated by symmetric elements. This object has an operad structure analogous to that of CGra,
that is given by graph insertion.
M1
M2 M3
M4
M5
M61
2
3
However, we also have new unary operations Z•(A
⊗2)[[ψ]] ⊕ Z•(A)[[ψ]] ⊕ L ∈ TautGra(1), and as
we already established, the actions of these elements are closed under commutator; specifically, for
R1, R2 ∈ Z•(A
⊗2)[[ψ]], T ∈ Z•(A)[[ψ]] and ℓ ∈ L, we have
[R1, R2] ≔ R1 ◦
2
1 R2 − R2 ◦
2
1 R1,
[T, R] ≔ R ◦21 T,
[T, {ℓg,n}] =
∑∞
i=1 kiκi +
∑∞
j=0 s2j+1ch2j+1}]L ≔ −
(∑∞
i=1 kiψ
i
)
T,
and all other possible Lie brackets are equal to zero. Let us denote this Lie algebra by L. Recall
that the operadic commutator of the action of an operation R(ψ) ∈ Z•(A
⊗2)[[ψ]] with the action of a
decorated graph Γ is equal to the sum over all (both normal and dashed) edges of Γ of the operation
that changes the decoration M = M(ψ1, ψ2) of that edge to −R(ψ1) ◦
2
1 M − M ◦
2
1 R(ψ2). This property
can be viewed as a rewriting rule allowing to move the unary operations to the inputs of a decorated
graph operation. By a direct computation, one can show that this defines a distributive law between
the operad SGra and the universal enveloping algebra U(L). We are now ready to give a definition
of one of the protagonists of this section, the tautological graph operad.
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Definition 4.1 (Tautological graph operad). The tautological graph operad TautGra is the S-module
SGra ◦ U(L) equipped with the operad structure arising from the distributive law defined above,
equipped with the differential d∗ equal to the sum of all ways to replace a dashed edge labelled by
M with a usual edge labelled by (ψ1 + ψ2)M .
The main reason to be interested in the operad TautGra is the following result.
Proposition 4.2. The Z/2Z-graded vector space g is a complete TautGra-algebra.
Proof. This is immediate from the way we coined all the preceding definitions. 
The sub-operad of the tautological graph operad made up of graphs with only normal edges labelled
by I(ψ1)
0(ψ2)
0 is equal to the operad of connected graphs. By a slight abuse of notations, we still
denote by Θ the morphism of operads S∆Lie ֒→ CGra ֒→ TautGra .
Theorem 4.3. The group (
Heven
(
aθTautGra
)
,BCH, 0
)
acts on the moduli spaces of quantum homotopy CohFTs.
Proof. The same methods as in Section 3 apply mutatis mutandis. 
It is thus an important question to compute the homology of the twisted dg Lie algebra aθ
TautGra
,
which is deformation complex of the morphism of operads Θ; it equal to
∏
n≥1 TautGra(n)
Sn[[~]]
with the differential given by
x 7→ d∗x +
[
+ ~ , x
]
.
Similarly, we still denote by Θ the morphism of operads SLie ֒→ CGraω ֒→ TautGraω .
Theorem 4.4. The group (
Heven
(
bϑ
TautGraω
)
,BCH, 0
)
acts on the moduli spaces of homotopy CohFTs.
Proof. The same methods as in Section 3 apply mutatis mutandis. 
In this case, we have to compute the homology of the twisted dg Lie algebra bϑ
TautGraω
, the ~ = 1
version of aθ
TautGra
, which is the deformation complex of of the morphism of operads Θ. More
precisely, bϑ
TautGraω
is equal to
∏
n≥1 TautGra(n)
Sn with the differential given by
x 7→ d∗x +
[
+ , x
]
.
4.3. The homology of the deformation complexes. In this section, we shall fully compute the
homology of bϑ
TautGraω
and indicate some non-trivial classes in the homology of aθ
TautGra
.
Theorem 4.5. The homology of bϑ
TautGraω
is the linear span of the following graphs
(10)
∑
a1ψ
k+1
a2
−
1
2
∑
i+j=k
(−1)i
©­« ψi1a1 a2 ψ j2 + ψ
i
1
a1 a2 ψ
j
2
ª®¬ , aψ
p
, and ℓ
for all k ≥ 0, all elements r =
∑
a1 ⊗ a2 ∈ Z•(A
⊗2) satisfying r .(12) = (−1)kr, all a ∈ Z•(A) and p ≥ 2,
and all ℓ ∈ L.
Proof. First, consider a one-vertex graph. It might have several attached tadpoles, usual or dashed,
with markings in M, and the vertex carries a label from U(L). In fact, the labels of tadpoles and
the internal label of the vertex may be combined together into the universal enveloping algebra of
the bigger Lie algebra Lext . The underlying vector space of Lext is equal to L ⊕ M ⊕ s−1M (here
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s−1M corresponds to the usual tadpoles and M corresponds to the dashed ones), and the nontrivial
brackets are the Lie brackets of L and
[R, M] = −R(ψ1) ◦
2
1 M − M ◦
2
1 R(ψ2)
for M ∈ M ⊕ s−1M. The differential
(11) d∗ +
[
, −
]
of this universal enveloping algebra is induced from the differential dLext on L
ext defined as dLext : L⊕
M → s−1M for which
dLext M = (ψ1 + ψ2)M ;
dLext R(ψ) = R(ψ1) + R.(12)(ψ2) ;
dLext T (ψ) = dLext {ℓg,n} = 0 .
This implies by the theorem of Quillen [Qui69, Proposition B.2.1] that the homology of the dif-
ferential (11) on the space of one-vertex graphs is equal to the universal enveloping algebra of the
homology of (Lext, dLext ), which is easily seen to be isomorphic to the Lie subalgebra of L
ext spanned
by
∑
a1ψ
k+1
a2
−
1
2
∑
i+j=k
(−1)i ψi1a1 a2 ψ
j
2
,
aψp
, and ℓ
for all k ≥ 0, all elements r =
∑
a1 ⊗ a2 ∈ Z•(A
⊗2) satisfying r .(12) = (−1)kr, all a ∈ Z•(A) and p ≥ 2,
and all ℓ ∈ L.
Now we discuss the general case. Recall that one may use the inverse of the scalar product I to embed
the classical graph complex into our extended one. We split the spaceM of symmetric labels of edges
into the direct sum M = 〈I(ψ1)
0(ψ2)
0〉 ⊕ M¯. We call the usual edges labelled by I = I(ψ1)
0(ψ2)
0 the
standard edges. Deleting all standard edges of the graph makes it fall apart into a finite number of
connected components. Consider the summand of the differential (spectral sequence 1) that acts only
adding new standard edges within these components. By [KWZ17, Proposition 2] its cohomology
is spanned by the graphs for which deleting all standard edges makes them unions of one-vertex
graphs.
Consider the part of the differential that acts only on the tadpoles and labels of of the vertices but
does not act on the rest of the structure of the graph (spectral sequence 2). This part of the differential
acts on each vertex as (11) and, as we saw above, its homology at each vertex is the universal
enveloping algebra of the Lie algebra generated by the expressions
(12)
∑
a1ψ
k+1
a2
−
1
2
∑
i+j=k
(−1)i ψi
1
a1 a2 ψ
j
2
,
aψp
, and ℓ
for all k ≥ 0, all elements r =
∑
a1 ⊗ a2 ∈ Z•(A
⊗2) satisfying r .(12) = (−1)kr, all a ∈ Z•(A) and p ≥ 2,
and all ℓ ∈ L.
On the first page of the spectral sequence 2 we have a situation very similar to the one considered
in Proposition 3.32, with graphs that have decorations on vertices coming from a certain associative
algebra. The induced differential acts as the commutator of the graph with
+
and it is forced on this page of the spectral sequence to act trivially on the decorations of the vertices.
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Following the proof of Proposition 3.32, we observe that this chain complex is the direct sum of two
subcomplexes: at least one vertex has a non-trivial decoration or all vertices have trivial decorations.
The second complex is acyclic by the argument in [KWZ17, Corollary 4]. The first subcomplex is
almost acyclic with respect to the differential induced by by the same argument as in the
last paragraph of [Wil15, Proof of Proposition 3.4] (see proof of Proposition 3.32 above). The only
classes that survive are the single vertices labelled by the generators of the algebra of decorations,
that is, by the basis elements of the underlying Lie algebra spanned by (12).
It is easy to see that all involved spectral sequences degenerate at this stage (which just repeats
mutatis mutandis the argument in the proof of Proposition 3.32), so the homology is isomorphic to
the Lie algebra spanned by the arity one operations given in (12). Note, however, that there the
representatives in the homology of the original complex look a bit differently since the first set of
elements in (12) does not commute with , which leads by a direct computation of the missing
terms to the representatives given in (10). 
Definition 4.6 (Givental group/Lie algebra). We call the Lie algebra spanned by the even degree
elements of the form
∑
a1ψ
k+1
a2
−
1
2
∑
i+j=k
(−1)i
©­« ψi1a1 a2 ψ j2 + ψ
i
1a1 a2 ψ
j
2
ª®¬ , aψ
p
, and ℓ
for all k ≥ 0, all elements r =
∑
a1 ⊗ a2 ∈ Zeven(A
⊗2) satisfying r .(12) = (−1)kr, all a ∈ Zeven(A)
and p ≥ 2, and all ℓ ∈ L, the Givental Lie algebra and denote it by giv. The corresponding group
GIV ≔ (giv,BCH, 0) is called the Givental group.
Theorem 4.7. The homology of aθ
TautGra
includes as a Lie subalgebra the homology of aθ
CGra
represented by
exactly the same graphs with the trivial decoration, in particular it contains a Lie subalgebra isomorphic to
grt1 . It also includes as a Lie subalgebra isomorphic to giv and spanned by the following elements:
(13)
∑
a1ψ
k+1
a2
−
1
2
∑
i+j=k
(−1)i
©­« ψi1a1 a2 ψ j2 + ψ
i
1
a1 a2 ψ
j
2
ª®¬ , aψ
p
, and ℓ
for all k ≥ 0, all elements r =
∑
a1 ⊗ a2 ∈ Zeven(A
⊗2) satisfying r .(12) = (−1)kr, all a ∈ Zeven(A) and
p ≥ 2, and all ℓ ∈ L.
Proof. It is clear that the given elements of grt1 and giv are closed with respect to the differential. We
have to check that these elements are not exact.
Note that the graphs with at least one non-trivial label on an edge or a vertex form a subcomplex.
Therefore, if an element of grt1 is exact, it must remain exact in the factorcomplex modulo the
subcomplex of graphs with non-trivial labels. But this factorcomplex is isomorphic to aθ
CGra
, which
implies that the non-trivial classes in aθ
CGra
remain nontrivial in aθ
TautGra
with exactly the same
representatives.
Note also that the image of the differential does not contain one-vertex graphs without tadpoles at
all, which implies that all graphs in (13) can not be exact. 
Definition 4.8 (Givental–Grothendieck–Teichmüller group/Lie algebra). We call the Lie algebra
Heven
(
aθ
TautGra
)
the Givental–Grothendieck–Teichmüller Lie algebra and denote it by ggrt . The corre-
sponding group GGRT ≔ (ggrt,BCH, 0) is called the Givental–Grothendieck–Teichmüller group.
Several remarks are in order. First of all, note that we can now revisit the Buryak–Rossi functor that
maps homotopy CohFTs to homotopy quantum CohFTs in the following way. Defined an ~-dependent
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Manin–Zograf element λˆ~ as
λˆ~ ≔
∞∑
i=0
(2i − 1)!!~−(2i+1)ch2i+1 .
Proposition 4.9. For any element γ ∈ g the formula
(14) ~b1(γ)+
∑
v∈V (γ) g(v)
∑
n>1
1
n!
(
exp
(
λˆ~
))
n
(γ, . . . , γ)
defines a graph in g~. Moreover, if we apply this formula to the Maurer-Cartan elements of g, it recovers the
Buryak–Rossi functor that we defined in Section 2.4.
Proof. Note that though we write formula (14) in a general way, only the first summand, n = 1,
does contribute non-trivially. The standard relation between the Chern classes and Chern characters
implies tha,t for n = 1, the formula multiplies the class at each vertex v ∈ V(γ) by exp
(
λˆ~
)
=∑∞
i=0 λi~
−i, and by an extra factor of ~b1(γ)+
∑
v∈V (γ) g(v). Note that for a vertex v ∈ V(γ) the class
~
g(v)∑∞
i=0 λi~
−i is equal to
∑∞
i=0 λi~
g−i, so we indeed obtain the formula we used to define the Buryak–
Rossi functor in Section 2.4. 
Using this interpretation of the Buryak–Rossi functor, we immediately obtain the following link be-
tween the action of the Givental Lie algebra on the Maurer–Cartan elements in g and the Givental
part of the Givental–Grothendieck–Teichmüller Lie algebra on the Maurer–Cartan elements in g~ as
follows.
Corollary 4.10. The Buryak–Rossi functor maps the action of the r-, T -, and ℓ-elements (10) in the homology
of bϑ
TautGraω
on the Maurer–Cartan elements of g to the action of r-, T -, and ℓ-elements (13) in the homology
of aθ
TautGra
on the Maurer-Cartan elements of g~.
Proof. It is sufficient to recall the commutation relations of the Manin–Zograf elements specified
in 4.1.4. Since in our case all coefficients of κ-classes in λˆ~ all its commutators are equal to zero, and
the factor ~b1(γ) in front of it is followed by the factor of ~1 in front of the genus 1 term in the formula
for r-element in (13). 
4.4. Recovering the Givental group action. In this section we restrict the group action on ho-
motopy CohFTs constructed above to the strict CohFTs and show that in this case we recover the
Givental–Teleman theory. To this end, our main reference for the classical Givental group action
is [Tel12], further surveys are available in [Sha09, PPZ15].
Observe that the elements (10) applied to a Maurer-Cartan element α ∈ g supported on the one-
vertex graphs without edges (that is, a Maurer-Cartan element that gives a usual CohFT in the strict
sense) produce elements in g supported on the one-vertex graphs. In order to match our results with
the standard definitions in Givental–Teleman theory we also assume that A is a purely even finite
dimensional vector space with dA = 0. Also, since in most cases the Givental–Teleman theory is
applied to CohFTs with a unit, in this section we constantly stress that a (possibly existing) unit is
not a part of the structure.
Proposition 4.11. Under the identification of A⊗2 with Hom(A, A)  A∗ ⊗ A via the scalar product of A,
for any r(z) =
∑∞
k=1 z
k
∑
a
(1)
k
⊗ a
(2)
k
satisfying r(z) + r(−z).(12) = 0 the action
(15)
∑
n>1
1
n!
©­­­­«
exp
©­­­­« a
(1)
k
ψk+1
a
(2)
k
−
1
2
∑
i+j=k
(−1)i
©­« ψi1a(1)k a(2)k ψ j2 + ψi1a(1)k a(2)k ψ j2 ª®¬
ª®®®®¬
ª®®®®¬n
(α, . . . , α)
coincides with the standard Givental–Teleman formula exp
(
r̂(z)
)
.{α} for the R-group action on CohFTs
without unit.
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Proof. We start by noting that under our identification of the tensor square with the Hom space, the
condition r(z) + r(−z).(12) = 0 becomes the defining relation r(z) + r∗(−z) = 0 for the Lie algebra of
the Givental–Teleman R-group.
In the case of strict CohFTs, we have, in our language, just a system of labels {αg,n}(g,n) for the
one-vertex graphs that satisfy the factorization properties of CohFTs. Formula (15) is the exponent
of the Lie algebra action on {αg,n}(g,n) given by
αg,n 7→
n∑
t=1
r(t)αg,nψ
k+1
t −
1
2
∑
(i+j=k)
(−1)i

∑
(t,r)
(ξt,r )∗〈−, r−〉
(t,r)αg−1,n+2ψ
i
tψ
j
r
+
∑
(t,r)
(◦rt )∗〈−, r−〉
(t |r)αg′,n′+1ψ
i
t ⊗ αg−g′,n−n′+1ψ
j
r

(here by r(t) we mean that r acts on the t-th input of αg,n, 〈−, r−〉
(t,r) means that we apply 〈−, r−〉 to
the t-th and r-th inputs of αg−1,n+2, and 〈−, r−〉
(t |r) means that we apply 〈−, r−〉 to the t-st input of
αg′,n′+1 and r-th input of αg−g′,n−n′+1).
This formula is nowadays absolutely standard in Givental–Teleman theory; modulo the appropriate
adjustment of the notation it coincides with [Tel12, Section 6.7]. 
Remark 4.12. An alternative way to proof this proposition would be to match the terms of (15)
with [PPZ15, Definition 2.2], which is also very straightforward (the number of used α’s matches the
number of vertices in the graphical description given in op. cit.).
In this way, we can also recall the translation action given in [Tel12, Section 6.4] (see also [PPZ15,
Section 2.2]).
Proposition 4.13. For any T (ψ) =
∑
apψ
p ∈ ψ2Z•(A)[[ψ]] the formula
(16)
∑
n>1
1
n!
©­«exp ©­« T (ψ) ª®¬ª®¬n (α, . . . , α)
coincides with the translation action on CohFTs without unit.
Proof. Note that only the term n = 1 in formula (16) can contribute non-trivially. Then our definition
implies that the (g, n)-vertex in ©­«exp ©­« T (ψ) ª®¬ª®¬1 (α)
is labelled by
∑
m≥0
1
m!
(π∗)
mαg,n+m(a1, . . . , an,T (ψn+1), . . . ,T (ψn+m)), which coincides with the class
given in [Tel12, Section 6.4] and [PPZ15, Definition 2.5]. 
Comparing our definition for the Manin–Zograf elements labelled by ℓ ∈ L with the discussion of a
twist with Hodge characters and kappa-classes in [Tel12, Sections 1.9 and 8.6-8.8], we immediately
get the following statement.
Proposition 4.14. The action by a Manin–Zograf element ℓ on a CohFT α without unit given by∑
n>1
1
n!
(
exp
(
ℓ
))
n
(α, . . . , α)
multiplies each component αg,n by ℓg,n .
Remark 4.15. In fact, this part of the action is not really studied separately in the literature, since
for the CohFTs with a unit (and even for CohFTs with a possibly non-flat unit) this action is equal,
on the Lie algebra level, to a linear combination of the other elements of the Givental Lie algebra,
see [Tel12, Proposition 8.7]. In the case we have no unit at all (and no semi-simplicity to use pieces
of Teleman’s classification), the action of Manin–Zograf elements cannot be reduced to the action of
the other generators of the Givental Lie algebra.
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